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Sloshing is an important dynamic phenomenon in liquid storage and transportation. 
Similar to land-based oil storage terminals under earthquake condition, floating oil 
storage terminals (FOST) in partially filled conditions in waves may also experience 
violent sloshing in a complex offloading operation where the system has to handle all 
sea states.  The response of a floating storage tank in such operation is of the crucial 
factors to the safety and operability of the floating oil storage terminal. The main 
objective of the study is to model and investigate the wave-induced sloshing of liquid 
in the floating storage tank in a partially filled condition. A suitable numerical model 
to address the coupled interaction between the floating motions and liquid sloshing is 
developed and used to study the effects of liquid sloshing on the global responses and 
stability of the floating tank. In addition, the proposed numerical model is extended to 
investigate effect of baffles and offloading sequence of multi-compartments floating 
tanks on this coupled interaction. 
In conventional floater analyses, the coupled effects of internal sloshing and 
external hydrodynamics are assumed to be negligible and hence usually ignored 
because of the complexity of the problems. These studies are only valid when the 
floater size is much larger than the size of the liquid container and liquid is fully filled. 
Recent experimental and numerical study has shown that the coupling effect between 
liquid sloshing and floaters motion is significant at partial filled conditions. Sloshing 
flow in liquid container is exited by floater motion, but the sloshing flow itself affects 
the floater motion in return. The liquid sloshing may cause large internal stresses and 
deformation on the walls of the container as well as affect the global response of the 
floater, particularly when the external forcing frequencies associate with the floater 
 vi
 motion or otherwise are close to the natural sloshing frequencies. This is of a great 
concern to the oil tanker (e.g. FPSO, FSRU) operation in the production site and 
offloading operation of floating oil storage terminals. 
In this study, the coupling effects between non-linear fluid sloshing and floating 
tank motions are investigated by using a hybrid frequency-time domain simulation 
scheme. The hydrodynamic coefficients and wave forces are firstly obtained by a 
potential-theory-based three-dimensional (3D) radiation/diffraction panel program 
(DIFFRACT) in the frequency domain. Then, a time domain model based on 
frequency domain data is built upon the Cummins equation to study the corresponding 
simulations of tank motions. State-space models are proposed as approximate 
representations of the convolutions in this equation. Navier-Stokes equations are 
applied to simulate the nonlinear fluid sloshing in time-domain and solved using the 
finite difference method (FDM). The generalized Newton’s method is used to compute 
the fluid pressures iteratively and the volume of fluid method (VOF) is used to track 
the non-linear free surface. The multi-cable mooring system is used as a sea-keeping 
approach. During simulation time, the sloshing model, mooring model and the floating 
tank model are coupled so that the interaction between the sloshing fluid, the mooring 
system and the tank motions can be considered.   
The numerical model is extended to study effects of baffle in sloshing mitigation. 
The type and dimension of baffles are investigated in optimal design. Effect of baffle 
under various excitation frequencies is also simulated. The location of baffles may play 
a significant role in coupled sloshing-floating tank motion interaction and are also 
investigated. 
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CHAPTER 1 INTRODUCTION 
1.1 Background and Motivation 
In the oil and gas industry, very large storage facilities are needed to store oil and 
liquid gas for logistic purposes. These storage facilities can be constructed on land 
(land-based storage facilities) or on the sea (floating oil storage facilities (FOSF)). 
Recently, many FOSFs were constructed in land-scarce island countries and countries 
with long coastlines namely Japan, Indonesia, USA, Singapore, and Vietnam. For 
example, there are two major floating oil storage systems in Japan. One oil storage 
facility consisting of eight oil storage barges with a total capacity of 5.6 million 
kilolitres was constructed at Shirashima Island offshore Fukuoka City in 1996 (Figure 
1.1) while the other that contains five oil storage barges with a total capacity of 4.4 
million kilolitres is located at Kamigoto, an island of Nagasaki, in 1988 (Figure 1.2). 
Compared to land-based oil storage facilities, the floating oil storage systems have 
advantages in the following aspects (Watanabe et al, 2004) 
• Safety: Being constructed offshore, they are ideal in keeping explosive, 
inflammable fluid safely away from populated areas on land. 
• Effect of water rising level: There is no problem with rising sea level due to 
global warming. 
• Effective construction: They can be constructed easily and fast (components 
may be made at different shipyards and then brought to the site for 
assembling) and therefore sea-space can be speedily exploited. 
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• Ease of removal: They are easy to remove (if the sea space is needed in 
future) or expand (since they are composed of many separate modules). 
• Seismic isolation: This kind of structure is protected from seismic shocks as 
it is inherently base isolated. 
• Avoidance of soil related issues: They do not suffer from differential 
settlement due to reclaimed soil consolidation, and do not need foundation. 
• Effective logistics: Because this storage system floats on the sea, it is easy to 
store and transport fuel from the production site to the storage terminal as 
well as from the storage terminal to consumers by marine vessels. 
 
Figure 1.1 Shirashima Floating Oil 
Storage Base, Japan (Photo courtesy of 
Shirashima Oil Storage Co Ltd) 
 
Figure 1.2 Kamigoto Floating Oil Storage 
Base, Japan (Photo courtesy of Dr Namba 
-Shipbuilding Research Centre of Japan) 
However, there are other challenges when compared to land-based facilities. 
Floating oil storages have to be designed for wave-induced motions. When the fluid 
moves and interacts with the walls of tanks under offshore waves, the dynamic 
pressures of such an interaction may cause large deformation in the tank walls. This 
phenomenon of liquid in containers is known as liquid sloshing. Liquid sloshing 
phenomenon has been investigated by many researchers from a wide range of 
disciplines. In seismology, the effects of liquid sloshing have been studied on water 
tanks and large dams under earthquake excitation (e.g. Westergaard, 1933). In the 
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aerospace industry, the influence of liquid propellant sloshing on the stability of jet 
vehicles has been a major concern to engineers and researchers since the early 1960s 
(e.g. McCarty and Stephens, 1960; Stofan and Pauli, 1962). In the building industry, 
liquid tanks on roofs are employed as passive dampers to mitigate the movement of the 
structure due to wind loading or ground motions (e.g. Nukulchai and Tam, 1999). In 
the offshore industry, floaters containing fuel and liquefied natural gas (LNG) such as: 
floating production, storage and offloading (FPSO) and FOSF have to be designed 
against not only the static pressure but also the dynamic pressure arising from the 
sloshing of the fuel and LNG under sea conditions. The large liquid movement may 
create highly localized impact pressure on the walls of the floaters which may in turn 
cause structural damage and may even create sufficient moment to affect the stability 
of the floaters, especially under extreme sea conditions. Also, if the forcing frequency 
is near the natural sloshing frequency, the high dynamic pressures due to resonance 
may damage the floater walls, and the consequent oil spill will have a tremendous 
environmental impact on the surrounding area. Thus, sloshing phenomena of fluid in 
partially filled floating tanks have to be considered in the analysis and design of the 
floating storage tanks. 
1.2 Literature Review 
There are four basic areas of literature relevant to this research work. The first deals 
with study of dynamic response of floating structures to wave excitation and 
interaction between ocean waves and oscillating systems such as ships, floating storage 
tanks, wave-energy converters and ocean platforms. The second covers the background 
research on liquid sloshing in storage tanks. Various assumptions and different 
methods to study sloshing phenomenon in a partially filled storage tank will be 
reviewed. The third focuses on the interaction effect between sloshing in liquid 
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partially filled containers and ship motions. The final is summary of research on liquid 
sloshing mitigation. 
1.2.1 Dynamic response of floating structures 
Dynamic response of marine floating structures to wave excitation is one classic 
subject of ocean engineering. Traditionally, it is analyzed in the frequency domain, 
which corresponds to waves and oscillations being monochromatic or harmonic, by a 
first-order potential theory approach and by assuming the wave process as Gaussian. 
The response statistics is then obtained using the well-established theory for Gaussian 
processes. This means that physical quantities vary sinusoidally with time with a given 
angular frequency ω . For linear problems, where the superposition principle is 
applicable, this frequency-domain approach is more general than it appears, since a 
real sea-wave state may be considered as a superposition of many monochromatic 
waves having different frequencies and different directions of propagation. This 
approach is based on linear theory, which implies that the wave steepness is small and 
also that the response due to wave excitation is proportional to the wave amplitude 
(Faltinsen, 2005). Early research in frequency domain was developed primarily in calm 
water conditions. The pioneering work of Weinblum and Denis (1950) focused 
attention on this subject and extensive work followed by various investigators. Denis 
and Pierson (1953) first hypothesized the responses of a ship in irregular waves as the 
summation of the response to regular waves for all frequencies. Korvin-Kroukovsky 
and Jacobs (1957) introduced a strip theory for motion calculation with adequate 
accuracy for engineering applications. A comprehensive evaluation of the strip theory 
is given by Salvesen et al. (1970). Recently, Bhattacharyya (1978) has studied 
analytically dynamic response of marine vehicles with main focus on ships. Detailed 
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application of strip theory to determine hydrodynamic coefficients and exciting forces 
were also presented. Wave induced loads and motions of ship and offshore structures 
were studied by Faltinsen (1990). This author emphasized the need of parametric study 
for any floating body with zero forward speed. Fossen (1994) and (2002) give a 
complete modeling of marine vehicles as well as guidance, navigation and control 
fundamentals are also discussed. 
When nonlinear effects such as viscous forces, water entry and exit are considered, 
however, the linearity assumption is no longer valid. One approach to overcome the 
difficulties of full nonlinear time domain analysis is to apply a higher order frequency-
domain approach, e.g. by using simplified bilinear and tri-linear frequency response 
functions based on Volterra functional representations (Bendat, 1998). However, 
frequency-domain approaches are limited to steady-state processes. Besides this fact, 
higher order frequency-domain methods can be cumbersome to implement and 
computationally inefficient.  
A different approach consists of using a linear time-domain model based on the 
Cummins equation which will be referred to as a hybrid frequency-time domain model. 
The resulting linear model is a vector integro-differential equation which involves 
convolution terms. Nonlinear effects can be introduced to this model at a later stage. In 
this regards, Wu and Moan (1996) introduced a hybrid frequency-time domain 
approach by first solving the linear problem in the frequency domain and then 
transforming the input-output into time domain and accounting for nonlinear effects as 
additional loads. 
The convolution terms in a time-domain model are not convenient for analysis and 
design (Fossen, 2002; Perez, 2002). Moreover, time-domain simulation of linear 
transient or nonlinear problems with convolution terms are computationally 
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demanding and their implementation in standard simulation packages is inconvenient 
(Kashiwagi, 2004). For these reasons, different methods have been proposed as 
approximate alternative representation of the convolutions. Because the convolution is 
a linear operation, different approaches can be allowed to obtain an approximately 
equivalent linear system in the form of either transfer function or state-space model. 
This process involves the use of system identification, and several options are available 
depending on the way in which the identification problem is posed. In this study, the 
state-space model, which is very much in use in control engineering, is applied and 
investigated in detail. Schmiechen (1973) and Booth (1975) proposed the use of this 
method in hydrodynamics. Further, Jefferys (1980) applied the state-space model in 
the analysis of wave-energy converters. These researchers showed that the 
convolution-integral model of the hydrodynamic interaction might be represented 
approximately by some small number of first-order linear constant-coefficient 
differential equations, which replace the convolution integral in the time domain. 
Later, this approach is also applied successfully by Yu and Falnes (1995), Kristiansen 
and Egeland (2003), Fossen (2005) and Taghipour (2008). Other methods of 
convolution replacement and the related references can be found in Taghipour (2008).  
In the aforementioned studies, the dynamic responses of floaters (ships, energy 
converters, marine vehicles etc) were thoroughly and intensely investigated with 
various advanced techniques and many kind of environmental disturbances such as 
wind, wave, and current were considered.  However, sloshing effect of liquid has not 
considered. Thus, the numerical models of mentioned research may not correctly 
simulate dynamic responses of FPSO, FSRU and FOST with the presence of a large 
sloshing effect. In the present study, the numerical model for sloshing fluid will be 
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developed and added to simulate interaction effects between sloshing in liquid-filled 
containers and floater motions more correctly. 
1.2.2 Liquid sloshing in storage tanks 
Sloshing phenomenon in a storage tank has been widely studied for many years using 
various theories and methods. They can be divided into three groups: analytical 
methods, experimental methods and numerical methods. With analytical methods, 
many researchers have devoted their efforts to study sloshing based on the potential 
flow theory. For example, Faltinsen (1978) derived a linear analytical solution for 
liquid sloshing in a horizontally excited 2-D rectangular tank and this solution has 
been widely used in the validation of numerical models. Recently, Faltinsen et al. 
(2000) and Faltinsen and Timokha (2001) developed a multimodal approach to 
describe the non-linear sloshing in a rectangular tank with finite water depth. Later, 
Hill (2003) relaxed many of the assumptions adopted in previous papers and analyzed 
the transient behavior of the resonated waves. However, these theoretical analyses are 
not valid for viscous and turbulent flows and the overturning and breaking waves 
during violent liquid sloshing cannot be described.  
Besides analytical methods, experimental methods are also applied to investigate 
the sloshing phenomenon. Laboratory measurements of wave height and 
hydrodynamic pressure have been reported by Verhagen and Wijingaarden (1965), 
Okamoto and Kawahara (1997), Akyildiz and Unal (2005), etc. These measurements 
can be used to validate theoretical solutions and numerical results. 
In the numerical method, both Laplace equations and Navier–Stokes equations 
(NSE) can be used to model the sloshing phenomenon in rectangular tanks. While 
Laplace equations were solved by using the boundary element method (BEM), the 
finite element method (FEM) and the finite difference method (FDM), Navier–Stokes 
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equations were mainly solved by using FDM. For example, many numerical models 
solve Laplace equations for liquid sloshing based on the potential flow theory. The 
earliest pioneer is Faltinsen (1978), who developed the boundary element method 
(BEM) model to study the liquid sloshing problems and compared the numerical 
results with the linear analytical solution. Later, Nakayama and Washizu (1981) 
adopted the same method to study liquid sloshing in an excited rectangular tank 
subjected to surge, heave, or pitch motion. The finite element method (FEM) is another 
popular numerical method in solving Laplace equations. Nakayama and Washizu 
(1980) analyzed the non-linear liquid sloshing in a 2-D rectangular tank under pitch 
excitation by using FEM. Their work was followed and refined by Cho and Lee 
(2004), who analyzed the large amplitude sloshing in a 2-D tank. Wang and Khoo 
(2005) studied 2-D non-linear sloshing problems under random excitations by using 
fully non-linear wave theory. Wu et al. (1998) conducted a series of 3-D 
demonstrations on liquid sloshing based on FEM. The finite difference method (FDM) 
is another mean to solve Laplace equations. Coordinate transformations are usually 
used when Laplace equation is solved by FDM. For example, Chen et al. (1996) 
adopted a curvilinear coordinate system to map the sloshing from the non-rectangular 
physical domain into a rectangular computational domain. Similar ideas have also been 
employed by Frandsen and Borthwick (2003) and Frandsen (2004), who conducted a 
series of numerical experiment in a 2-D tank which is moved both horizontally and 
vertically by using σ -coordinate transformation. However, because of the use of 
potential flow assumption, both viscous sloshing and rotational motion of the liquid 
cannot be captured by the models introduced above. 
Alternatively, one can solve Navier–Stokes equations or its kind for viscous liquid 
sloshing. For example, Armenio and La Rocca (1996) adopted the FDM to solve the 
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Reynolds Averaged Navier–Stokes (RANS) equations and compared the results to that 
from shallow water equations (SWE). Not surprisingly, they observed that the RANS 
model provides more accurate results than the SWE model. Celebi and Akyildiz (2002) 
developed a viscous solver to capture non-linear free surface flows using the volume of 
fluid (VOF) technique and simulated 2-D sloshing motions in tanks which were forced 
to roll or to move vertically. Some researchers have applied NSE to study 2-D fluid 
sloshing by using coordinate transformation, such as Chen and Chiang (1990), Chen 
(2005) and Chen and Nokes (2005). In addition, Kim (2001) and Kim et al. (2004) 
employed the SOLA scheme to study liquid sloshing in a 3-D container and adopted 
the concept of buffer zone to calculate the impact pressure on the tank ceiling. The 
height function was employed in their model to track the free surface that restricts the 
free surface to be single-valued and thus the model is not applicable to simulate broken 
free surface. 
Another important issue concerning sloshing simulation is the accurate tracking of 
the free surface. Traditionally, the transport of height function is used to track the free 
surface, but this method restrict free surface to be single-valued. Therefore, a more 
robust method to track the free surface is needed. Generally, the Lagrangian approach 
and Eulerian approach can be employed to track multi-valued free surface. The 
Lagrangian approach follows each particle on the free surface and/or in the interior 
domain based on ambient flow velocities. This kind of tracking approach forms the 
basic of the marker-and-cell (MAC) method which is originally developed by Harlow 
and Welch (1965). However, the marker information is in general not located at place 
where the velocity is defined, so the movement of these markers has to be based on 
interpolated velocity which may lead to large accumulated errors. On the other hand, 
the Eulerian approach, which is consistent with most solvers of NSE that also adapt 
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Eulerian description, tracks the averaged density change at the fixed location. With the 
information of averaged density distribution in the computer domain, the free surface 
can be reconstructed. This approach is the basic of the well known volume of fluid 
(VOF) method originally developed by Nichols et al (1980) and Hirt and Nichols 
(1981). The level set method is another free surface tracking approach which is 
introduced by Sussman et al (1994). This method captures the interface implicitly by 
the zero level set. However, this method can not conserve the mass explicitly during 
entire computation. Because of the efficiency and robustness of VOF method, it will 
be employed in this study to capture the violent free surface of the sloshing fluid. VOF 
is popularly adopted to track and capture the free surface in the liquid sloshing 
problem (Rhee, 2005; Akyildiz and Unal, 2006; Lee et al., 2007a; Liu and Lin, 2009; 
Godderidge et al., 2009a, 2009b; Eswaran et al., 2009). Most commercial CFD codes 
use a variation of the VOF approach. Other free surface tracking methods such as level 
set method, BEM and mesh free method have been reviewed by Hyman (1984), 
Floryan and Rasmussen (1989), Radd (1995) and Lin and Liu (1999). 
In the aforementioned studies, sloshing fluid has been investigated for fixed tanks 
under earthquakes or moving vehicles. The interaction between the sloshing fluid and 
the tank motions was neglected. Moreover, the forcing function was limited to a single 
degree of freedom (DOF) of motion (surge, heave or pitch). For real maritime 
analyses, the simultaneous actions of two-dimensional accelerations with three degrees 
of freedom should be investigated and the coupled effects among them may be 
important (Kim et al., 2007 and Tuyen et al., 2012). The present study will focus on 
sloshing fluid in floating tanks where the coupling effect between sloshing fluid and 
tank motions needs to be considered. Under sea conditions, the tank motions cause 
sloshing flow in floating tanks but the slosh-induced forces and moments themselves 
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affect the tank motion in return. Therefore, the sloshing fluid induced hydrodynamic 
forces should also be a part of the forcing function of the tank motion and the tank 
motion and sloshing problem should be studied at the same time. In addition, three 
DOF (surge, heave and pitch) of tank motion will be simulated so that coupling effect 
between them can be considered. 
1.2.3 Interaction between liquid sloshing and ship motions  
The studies of liquid sloshing effect on ship motions start from the idea of applying 
liquid sloshing as absorber systems for the stabilization of ship motions. Fround (1874) 
may be the first one who used anti-roll tanks (ART) to mitigate the ship motion. Watts 
(1883, 1885) introduced the mechanism in which a roll damping moment is created by 
the wave action of the liquid in rectangular tanks placed on a ship. Then, the stabilizing 
effects of liquid tanks on the roll motion of ships were introduced and investigated by 
many researchers such as Vasta et al. (1961) and Dalzell et al. (1964). Abdel et al. 
(2001) used a single degree-of-freedom in roll to model the ship motion. Later, 
Youssef et al. (2002) introduced a six degrees-of-freedom model to capture a more 
accurate prediction of ship motion. In these studies, passive anti-roll tanks were 
adopted for the stabilization of the moving ship. Moreover, experimental and analytical 
studies were carried out by Weng (1992) and Bass (1998) with the view to understand 
the behaviour of anti-roll liquid containers. Numerical tank models were verified 
against experimental test results and then used in determining the optimum shape of 
the tanks.  
Effects of the moving ship on sloshing of liquid in containers have been extensively 
investigated by various researchers. For example, Mikelis and Journee (1984) 
presented a two-dimensional finite difference transient solution for the prediction of 
liquid motions and induced pressures in partially-filled containers mounted on ships. 
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Experiments were also conducted on scaled tanks and the measured pressures and 
bending moments were compared with numerical predictions. Lee and Choi (1999) 
presented results of experimental and numerical analysis of the sloshing problem in 
cargo tanks. The fluid motion was investigated using a higher order boundary element 
method and the structure was modeled by using classical thin plate theory. The study 
found that in cases of low filling depths, hydraulic jumps were formed when the 
excitation frequency is close to the resonance frequency whereas in the case of high 
filling depths, a large impact pressure was obtained. In these studies, one assumed that 
the resulting sloshing of liquid in the tanks on the ship does not affect the motion of 
the ship. In other words, there is no interaction between the tank and the ship. This 
assumption is only valid for situations in which the size of the ship is large compared 
to the size of the tank. 
All the aforementioned studies have considered either the effects of tank sloshing 
on global motions of the ship or the effects of the moving ship on the liquid sloshing in 
containers. However, the fully coupled interaction problem between liquid, tank and 
ship has not been considered due to inherent difficulty and complication. Some recent 
studies have shown that the significance of coupled interaction between the liquid 
sloshing and ship motions, especially when the ratio of volume of the containers to that 
of the ship exceeds a critical value. Hence, it is important that both the sloshing 
phenomenon and associated ship motion behaviour should be studied. 
 Several investigations on coupled liquid-container-ship motion have been carried 
out by various researchers. They can be divided into two approaches: the frequency-
domain approach and the time-domain approach. Based on linear potential theory, 
frequency domain formulations were developed by many authors. Journee (1997) 
analyzed a ship model with liquid cargo tanks and the model was tested in beam waves 
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at zero forward speed for a wide range of filling levels. The measured roll data of the 
model were compared with the results obtained from the strip theory calculations. 
Later, the linear potential theory and frequency domain were also applied by Molin et 
al. (2002), Malenica et al. (2003) and Newman (2005) to study interaction between 
liquid sloshing and ship motions. Because of linear potential theory assumption, these 
studies were not able to capture non-linear sloshing effects, especially, when the 
external forcing frequencies of the tank are close to the natural frequencies of the 
sloshing flow. Moreover, Kim et al. (2007) found that the non-linear sloshing effects 
become very important in coupling analysis. The time-domain approach was also 
applied to solve this coupling problem.  For example, Chen and Chiang (2000) used a 
finite difference method (FDM) to solve Euler equation for the sloshing fluid and a 
fifth-order Runge-Kutta-Felhberg scheme to obtain the tank history displacement. In 
this study, however, hydrodynamic coefficients obtained by the strip theory method 
were assumed to be constant in the simulation time. This assumption is unreasonable 
because the motion response is non-linear, the fluid memory effects of wave forces 
should be considered by including convolution integral in the equation of motion of 
the floating tank (Taghipour, 2008). Moreover, fluid viscosity was neglected and the 
sea condition was limited at a regular wave. Kim (2002) also employed a numerical 
technique to solve the coupling problem of the ship motion and sloshing flow. The 
study focused on the anti-rolling tank which was found to have significant coupling 
effects on ship motion and sloshing. The three dimensional sloshing flow was 
simulated using the finite difference method, while the ship motion was obtained using 
a time domain panel method. Later, Kim et al. (2007) and Lee et al. (2007) included 
these effects in their studies and evaluated the convolution terms directly by 
integration. This approach will need more computational effort compared to 
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identification methods by using the state-space model to replace the convolution terms 
(Taghipour, 2008). Moreover, the height function was used in their model to track the 
free surface of sloshing-fluid that restricts the free surface to be single-valued and thus 
the model is not applicable to simulate the broken free surface. In addition, the 
experimental approach was also applied. Rognebakke and Faltinsen (2003) carried out 
two dimensional experiments on a hull section containing tanks filled with different 
levels of water and excited in sway by regular waves. They obtained a good agreement 
between test results and numerical simulated results of the coupling problem. Their 
study also revealed that the coupled motion is sensitive to the damping of the sloshing 
motion in a certain frequency range where the coupling effect between liquid sloshing 
and ship motions cause resonant ship motions. 
As presented above, the coupling effect of sloshing fluid and ship motions has been 
well established by numerous researches. However, sea-keeping solutions have not 
been considered in these studies. Moreover, although a 3D model was applied, only 
numerical results in the roll direction are reported and coupling effect between degree 
of freedoms (surge, heave and pitch) has not been presented. In this thesis, the 
coupling effects between the tank motion with three DOF (i.e. surge, heave and pitch) 
and liquid sloshing in partially filled conditions are investigated. The sloshing 
pressures acting on the tank walls are considered as a part of the forcing function of the 
tank motion. The spread mooring system will be proposed as a sea-keeping method to 
keep the floating tank around its equilibrium position. The coupling between 3 DOF 
will be considered and mooring forces will be coupled in the numerical model to 
establish the fully coupled sloshing-tank motion-mooring system. Moreover, the FDM 
scheme is applied to solve Navier-Stokes equations; thus the viscous effect on sloshing 
motion can be considered in simulation. The Cummins equation is used in time-
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domain simulation to obtain the floating tank motion so that the fluid memory effects 
can be included. The convolution integral is replaced by the state-space models to save 
computational time. Finally, a wave spectrum model for irregular wave is used to 
model the real sea conditions. 
1.2.4 Mitigation of liquid sloshing with application of baffles 
From literature reviews mentioned in Section 1.2.2 and Ibrahim (2005), it is known 
well that the hydrodynamic load exerted by liquid sloshing can cause severe structural 
damage. One of the solutions of preventing the violent free surface fluctuation is 
installing baffles inside the liquid tanks. The liquid sloshing in a tank with baffles can 
be investigated analytically, experimentally and numerically. During last decade, many 
researchers have devoted their efforts to study sloshing analytically based on potential 
flow theory. Choun and Yun (1996, 1999) analyzed the effects of a bottom - mounted 
rectangular block on the sloshing characteristics of the liquid in rectangular tanks using 
the small amplitude wave theory. They reported that the sloshing frequencies generally 
decrease due to the presence of the internal block, the wave surface elevations increase 
in the vicinity of the block and a large hydrodynamic force can be exerted on the tank 
wall and block when the block is closer to the wall. Isaacson and Premasiri (2001) 
predicted the hydrodynamic damping due to baffles inside the tank and they also 
estimated the total energy damping due to flow separation around the baffles.  In 
addition, they performed experimental measurements to validate the theoretical model 
and to investigate the effectiveness of various baffle configurations. However, these 
analyses are not theoretically valid for viscous and turbulent flows, so the energy 
dissipation and breaking waves during violent liquid sloshing cannot be described. On 
the other hand, the experimental results of Akyildiz and Unal (2005) showed that the 
effects of the vertical baffle are most pronounced in shallow water, and that the 
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overturning moment in particular is greatly reduced. A vertical baffle inside a tank 
revealed that the flow of liquid over the vertical baffle produced a shear layer, and 
energy was dissipated by the viscous action. These experimental results are consistent 
with the finding of Celebi and Akyildiz (2002) obtained through numerical 
investigation. Akyildiz and Unal (2006) investigated numerically and experimentally 
the pressure variations in both baffled and un-baffled rectangular tanks. They also 
confirmed that the baffles significantly reduce fluid motion and consequently pressure 
response. 
As the development of computer technology, the numerical modeling of sloshing in 
a baffled tank has become increasingly popular. Gedikli and Erguven (2003) 
investigated the effect of a rigid baffle on the natural frequencies of the liquid in a 
cylindrical tank by the use of variational BEM. Meanwhile, the finite element method 
(FEM) is another popular numerical method in solving Laplace equation. Cho and Lee 
(2004) carried out a parametric investigation on the two-dimensional nonlinear liquid 
sloshing in baffled tank under horizontal forced excitation based on the fully nonlinear 
potential flow theory. They showed that the liquid motion and dynamic pressure 
variation above the baffle are more significant than those below the baffle. In addition, 
they suggested that the quantities of interest in the liquid sloshing are strongly 
dependent on the baffle design parameters. Cho and Lee (2005) adopted the numerical 
method proposed by Cho and Lee (2004) to research the resonance characteristics of 
liquid sloshing in a 2D baffled tank subjected to forced lateral excitation based on the 
linearized potential flow theory. They concluded, based on a parametric examination 
of the effects of the height to which the liquid is filled, the number of baffles, the 
opening width and the baffle location, that the fundamental resonance frequency and 
the peak elevation height decrease uniformly with the baffle number, the baffle 
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installation height, and the reduction of the baffle opening width and the height to 
which the liquid is filled. Cho and Lee (2004, 2005) could not resolve the viscous 
sloshing and rotational motion of the liquid because sloshing flow is formulated based 
on the potential flow theory. Biswal et al. (2006) adopted the FEM to investigate the 
2D nonlinear sloshing in both rectangular and cylindrical tank with rigid baffles. 
However, because of the use of potential flow assumption, both viscous sloshing and 
rotational motion of the liquid cannot be captured by this type of model. Kim (2001) 
and Kim et al. (2004) employed the SOLA scheme to study liquid sloshing in a three-
dimensional (3D) container and adopted the concept of buffer zone to calculate the 
impact pressure on the tank ceiling. They also simulated the sloshing motion in a 
baffled tank and compare the impact pressure with that in an un-baffled tank. 
However, the height function was employed in their model to track the free surface 
that restricts the free surface to be single-valued, and thus the model is not applicable 
to simulate broken free surface. Recently, Liu and Lin (2009) presented a brief 
summary of the previous studies on baffles that were performed using the numerical 
approaches. In addition, they studied 3D liquid sloshing in a tank with baffles by 
solving the Navier–Stokes equations, and they adopted the VOF method to track the 
free surface motion. Their results show that, in comparison with a horizontal baffle, a 
vertical baffle is a more effective tool in reducing the sloshing amplitude and in 
decreasing the pressure exerted on the wall because of sloshing impact, even though 
just one baffle height of 75% of the liquid filling level was considered. 
As described above, the effect of a baffle on liquid sloshing in a moving tank has 
been intensively investigated by numerous researchers. However, in these studies, 
coupling effect between sloshing fluid, tank motion and sea-keeping system has not 
been considered. From literature review, there has been no report for effect of baffles 
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on sloshing - floating tank problem with possibly broken free surfaces and presence of 
a sea-keeping system. In this thesis, all of these aspects will be incorporated in a 
coupled model to investigate effect of baffles on the coupled sloshing - floating tank 
motion problem. 
1.3 Objectives and Scopes 
The literature review shows that sloshing of liquid and dynamic response of floaters 
are usually investigated separately. The interaction between the sloshing fluid and the 
floater motion is ignored. There are few researchers devote their effort to study this 
interaction effect, such as Rognebakke and Faltinsen (2003), Kim et al. (2007) and 
Bunnik and Veldman (2010). Although 3D model was used in some of these 
researches, unfortunately, numerical results were only reported in one degree of 
freedom (sway in Rognebakke and Faltinsen, 2003 or roll in Kim et al., 2007 and 
Bunnik and Veldman, 2010) with focusing on application of ART. The coupling effect 
between three DOFs was not reported. Moreover, there is no existing numerical model 
which can couple behaviors of sloshing of liquid, floater motion and sea-keeping 
system in one with presence of baffles and breaking waves of sloshing liquid. 
The present study investigates the existing separated mathematical models and 
combines them in one fully coupled model that can simulate interaction between the 
sloshing fluid, the floating tank motion and the mooring system. On such basis, the 
objectives of the thesis are to: 
• Develop an alternative numerical model suitable for further consideration of 
non-linear sloshing to study sloshing in 2-D rectangular tanks subjected to 
three degrees of freedom excitations with presence of breaking waves of 
sloshing liquid. 
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• Investigate the interaction between motions of a floating tank with the 
mooring system as station-keeping method and fully non-linear sloshing 
fluid which may have large sloshing amplitudes as well as breaking waves 
in the floating tank under both regular and irregular wave actions. 
• Study effect of various types of baffle to mitigate the interaction of coupled 
sloshing-floating tank motion systems and apply them to reduce dynamic 
responses of the floating tank and sloshing effects of fluid in the tank. The 
optimal mitigation will be also recommended. 
The scopes of this study are as follows 
• The system of tank and fluid is assumed a rigid body when investigating the 
dynamic response of the tank. The mooring system is applied as a sea-
keeping system. Other types of sea-keeping system like application of 
thrusters are applicable to be integrated in the present model but will not be 
considered in detail. 
• Both regular and irregular wave conditions are considered in this study. 
Other environmental excitations, such as wind and current have not been 
included in the present study. Effect of heading angle is also not studied 
because of limitation of the 2-D model. 
• 2-D rectangular tanks are studied, so excitations with three degrees of 
freedom (surge, heave and pitch) and coupling between them can be 
simulated in the model. 
• As Navier-Stokes equations are applied to study incompressible fluid and 
volume of fluid method is used to track free surface, fully non-linear 
sloshing fluid can be considered.  
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1.4 Outline of Thesis 
The thesis is organized as follows: 
Chapter 1: A brief introduction and advantages of floating storage terminal is 
addressed.  The work of other researchers in the area of fluid sloshing and modeling of 
floating bodies is also presented to explain the motivation behind this study.  
Chapter 2: Mathematical formulations of numerical model including coordinate 
system definition, the governing equations, initial conditions and boundary conditions 
are presented. 
Chapter 3: The numerical implementation of the model is developed with numerical 
stability conditions. Main features of implementation program algorithm are 
highlighted. 
Chapter 4: The proposed model is applied in the study of liquid sloshing problems, 
dynamic response of floating tank and coupling between them. First of all, forced 
sloshing in 2-D tanks under translational and rotational excitations is investigated to 
validate the sloshing model. The simulation results are compared with analytical 
solutions and numerical solutions of other methods. Then, the dynamic response of a 
floating tank is studied to validate the tank model. The results are compared with those 
obtained from DIFFRACT program. Finally, the validated coupled-model is used to 
study the interaction of the coupled sloshing fluid-floating tank system. 
Chapter 5: In this chapter, the proposed model is further developed to study the effect 
of baffles in coupled sloshing-floating tank motion problem. 
Chapter 6: This chapter presents a summary of the key research findings and 
recommendations for future studies.  
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CHAPTER 2 MATHEMATICAL FORMULATION 
2.1 Introduction 
In this chapter, the mathematical model of the sea-wave-induced sloshing in a floating 
tank is presented. The undesired motion of the floating tank in a real seaway is induced 
by the action of environmental disturbances: waves, wind and current. For the 
particular coupled liquid sloshing-floating tank motion problem studied in this thesis, 
ocean waves are the environmental disturbance considered in this chapter and other 
environmental disturbances can be easily added into the model when considered. In 
general, under these environmental disturbances, the three-dimensional motion of a 
floating tank consists of six degrees of freedom, namely, surge, sway, heave, roll, pitch 
and yaw. When the tank is symmetric and considered as a slender body, the six degrees 
of freedom equation can be divided into two non-interacting subsystems: the lateral-
plane system consisting of surge, sway and yaw motions and the vertical-plane system 
consisting of surge, heave and pitch motions (Fossen, 2002). In the present study, only 
the vertical-plane motion will be considered. Moreover, in this study, it will be 
assumed that the tank is rigid and the effect of changing in center of gravity of fluid 
when sloshing in determining mass property of the dynamic system can be neglected. 
2.2 Modeling of Ocean Environment and Irregular Wave Forces 
Environmental models are essential for achieving realistic simulations of a marine 
floating structure affected by various types of disturbances: waves, wind and current. 
In this context, waves make up the dominant actions on floating structures. The ocean 
waves are disperse and random in both time and space. These characteristics are often 
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summarized by the term irregular in the marine literature. The irregular waves are 
commonly described by a wave spectrum ( )S ω . The designated spectrum corresponds 
to a specific marine operational site. It can be calculated by knowing the significant 
wave height of the waves ( sH ), the peak period ( pT ) and choice of a specific wave 
spectrum model. Common wave spectra are the Pierson-Moskowitz (PM) spectrum, 
the ITTC-ISSC spectrum, the JONSWAP spectrum and the more recent doubly peaked 
spectrum by Torsethaugen (see Myrhaug, 2000; Sorensen, 2005 for details). These 
usually described a long-crested (unidirectional) sea spectrum, but corrections can be 
made to obtain short-crested sea waves by using spreading functions which are not 
included for the 2-D model in this study. 
The frequency spectrum ( )S ω  describes the energy distribution of the sea state over 
different frequencies, with the integral over all frequencies representing the total 
energy of the sea state. With the assumption of linearity, the harmonic wave 
components extracted from the spectrum may be superposed. The wave elevation of an 
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kζ ω ∈  are respectively the wave amplitude, circular frequency, 
wave number and random phase angle of wave component number n. The wave 
amplitude is given by 
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where ω∆  is frequency interval, the frequency *ω  is selected randomly within the 
interval [ ]/ 2, / 2n nω ω ω ω− ∆ + ∆  to increase the fundamental period (Faltinsen, 1990). 
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Because of linear theory consequence, the wave forces to each monochrome wave 
component in Eq. (2.1) can be analyzed in a linear sense separately, then total wave 
force ( )ext tF  can be linearly superposed by using the spectral approach (see e.g. 
Faltinsen, 1990; Newland, 1993) and is given by 




ext n n n n n
n
t H tζ ω ω δ ω
=
= − + ∈∑F  (2.3) 
where ( )nH ω  is called the transfer function, which is the response amplitude per unit 
wave amplitude and ( )nδ ω  is a phase angle associated with the response. Both 
( )nH ω  and ( )nδ ω  are functions of the frequency of oscillation nω  
In this study, the JONSWAP spectrum is applied to model irregular waves. This 
spectrum was developed after measurements in an area of the North Sea which is 
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where pω  is the peak frequency of the spectrum; ,  ,  and λ γ σ  are parameters to be 
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where sH  is the significant wave height of the spectrum 
2.3 Kinematics and Coordinate Systems 
To model motion of the partially filled floating tank and sloshing in the tank, two 
reference frames or coordinate systems, the Earth-fixed coordinate system and the 

















Figure 2.1 Definition of reference frames and motion variables 
• The Earth-fixed frame (the inertia coordinate system), denoted as XEZE, is 
usually placed so that the origin coincides with the desired position of the 
tank. The origin OE of this frame is usually chosen to coincide with the 
center of the water plane area of the tank. The XE lies on the mean water 
level, and ZE is positive upwards. The floating tank’s position and 
orientation coordinates are measured relative to the origin of this frame. 
• The body-fixed frame (the tank-fixed coordinate system), denoted as XZ and 
fixed to the floating tank, is a moving coordinate system with translational 
velocity vector ( , )x zV    and angular velocity vector ( )θΩ  . The origin O of 
the body-fixed frame is usually chosen to coincide with the center of gravity 
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(CG) of the tank. The velocity, pressure and free surface level of fluid are 
defined in this coordinate system. 
To characterize the two-dimensional motion of the floating tank on sea, the 
displacement vector ( , , )x z θ=ξ  composed three independent coordinates is used to 
determine the position and orientation of the tank. The position and orientation of the 
tank are described relative to the inertial frame XEZE. 
2.4 Modeling of Floating Tank 
The floating object motion is a classic problem. When linear hydrodynamics models 
are applied, equations of motion of a rigid floating system with zero forward speed in 
sea waves are described and solved directly in frequency domain. To incorporate 
nonlinearities, the most convenient way is to replace frequency-domain models by 
proper time-domain models. The nonlinear equations of motion may be solved directly 
in the time domain. However, a more efficient approach may be to first solve the linear 
problem in the frequency domain and utilize these results to solve the full problem. 
Such a model is referred to here as a hybrid frequency-time domain model and has 
been initially introduced by Cummins (1962). To date, it has been utilized successfully 
in different motion analysis applications (see e.g. Taghipour, 2008; Kashiwagi, 2004; 
Yu and Falnes, 1998; Wu and Moan, 1996). Nonlinear loads are normally added to 
these models as additional features. 
 ( )[ ] ( ) ( ) ( ) ( ) ( )t t t d t tτ τ τ
+∞
−∞
+ + + − + =∫M A ξ Bξ K ξ Cξ F    (2.7) 
The above equation is known as Cummin’s Equation (Cummins, 1962) where 
( ) ( , , )t x z θ=ξ  is the displacement vector of tank motion, ( )tF  the excitation force 
vector including all the external and internal forces on the tank; M  the matrix of mass 
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including mass of the tank and mass of fluid in the tank; and C  the matrix of restoring 
coefficients. The convolution term accounts for fluid-memory effects and the kernel of 
the convolution ( )tK  is known as the retardation function or memory function.  
If Cummins’s equation is valid for any input, it must then be valid for sinusoids in 
particular. Based on this, Ogilvie (1964) transformed the Cummin’s equation to the 
frequency domain and found the relations between the retardation function with added 
mass and potential damping 
 ( ) ( ) ( )
0
1
sint t dtω ω
ω
∞
= − ∫A A K  (2.8) 
 ( ) ( ) ( )
0
cost t dtω ω
∞
= + ∫B B K  (2.9) 
From the Riemann-Lesbesgue Lemma 




= = ∞A A A  (2.10) 




= = ∞B B B  (2.11) 
From Eqs. (2.8) and (2.9), it follows that 
  ( ) ( ) ( ) ( )
0
2
cost t dω ω ω
pi
∞
= − ∞  ∫K B B  (2.12) 
 ( ) ( ) ( ) ( )
0
2
sint t dω ω ω ω
pi
∞
= − − ∞  ∫K A A  (2.13) 
Because Eq. (2.12) converges considerably faster than Eq. (2.13), Eq. (2.12) is 
usually used to calculate the retardation function ( )tK . 
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For floating structures with zero forward speed, the hydrodynamic damping 
vanishes as the frequency of oscillation approaches infinity. In practice, the retardation 
kernel ( )tK  tends to vanish for times passing a certain value. Furthermore, it is noted 
that radiation force is a causal system. There is no force before the structure is 
oscillated and vice versa. Thus, Eqs. (2.7), (2.8) and (2.12) become 
 ( ) ( )
0
[ ] ( ) ( ) ( ) ( )
t
t t t d t tτ τ+ ∞ + − + =∫M A ξ K ξ Cξ F   (2.14) 
 ( ) ( ) ( ) ( )
0
1
sint t dtω ω
ω
∞
∞ = + ∫A A K  (2.15) 
and ( ) ( ) ( )
0
2
cost t dω ω ω
pi
∞
= ∫K B  (2.16) 
Nonlinearities like sloshing forces or mooring forces etc. may be added to the right-
hand side (R.H.S) of Eq. (2.14). All variables in this equation are defined in the inertial 
frame E EX Z . The hydrodynamic coefficient matrix and the exciting encountered wave 
forces from Eq. (2.14) are valuated using DIFFRACT program. DIFFRACT is a panel-
based three-dimensional diffraction/radiation software developed for the analysis of 
the interaction of surface waves with offshore structures at zero forward speed using 
potential theory and a Green function formulation and using Boundary Element 
Methods (BEM) to discretize the mathematical equations. The detailed information 
regarding to the capabilities and mathematical background of DIFFRACT program can 
be found in Sun et al. (2009) 
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2.5 Modeling of Sloshing Fluid 
2.5.1 Governing equation of sloshing fluid 
Assuming the incompressible fluid, the flow inside the tank is governed by the 
continuity and Navier-Stokes equations (NSE) which represent the conservation of 

















t x x xρ
∂ ∂ ∂∂
+ = − + +
∂ ∂ ∂ ∂
 (2.18) 
where ,  1,  2i j =  for two-dimensional flows, iu  denotes the -thi  component of the 
fluid velocity vector, ρ  the density ( gρ ρ=  in gas and lρ ρ=  in liquid), p  the 
pressure, ν  the kinematic viscosity and if  the -thi  component of the body force 
vector. 
All variables in Eqs. (2.17) and (2.18) are defined in the tank-fixed coordinate 
system XZ . The body force if  consists of the gravitational acceleration and the 
translational and rotational inertia forces. Defined in the tank-fixed coordinate system, 
the vector form of if  is given as, Ibrahim (2005) 
 
( )( ) 2 ( ( ))d d d
dt dt dt
−
= − − × − − × − × × −
V Ω r Rf g r R Ω Ω Ω r R  (2.19) 
in which g  is the gravitational acceleration vector, ( , ) and ( )x z θV Ω    are translational 
and rotational velocity vector of the tank, respectively; r  and R  are the position 
vector of the considered point of the fluid field and the position vector of the origin of 
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the inertia coordinate system EO  in XOZ coordinate system, respectively (Figure 2.1). 
The second term in the R.H.S of Eq. (2.19) is the translational inertia, while the third, 
fourth and fifth terms are due to the rotational motions, which are the angular 
acceleration, Coriolis and centrifugal forces. It is noted that all variables in Eq. (2.19) 
are defined with respect to the tank-fixed coordinate system XZ . 
The Eulerian description is used to model the sloshing fluid in this study, so the 










This expression implies that the incompressibility of fluid is imposed in the entire 
flow field including the free surface. 
2.5.2 Initial and boundary conditions 
In practical computation, the resolution near the physical boundaries is generally too 
coarse to resolve the boundary layers because of limitation of grid size. Therefore, 
certain modifications of boundary conditions are applied so that the numerical model 
can predict reasonable results near the boundaries. In this section, the implementations 
of these modifications of boundary conditions will be discussed and the initial 
conditions are also mentioned 
2.5.2.1 Initial conditions 
Based on the comparison results in the literature, the initial for the floating tank and 
the sloshing flow field can vary case by case. Unless otherwise mentioned, for most 
cases in this study, the initially quiescent flow with the zero velocities and hydrostatic 
pressure is specified for the sloshing flow and the rest status is specified for the 
floating tank. 
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2.5.2.2 Boundary conditions 
At the bottom and the side walls inside the floating tank, because the tank walls are 
assumed to be rigid, the velocity component of liquid normal to the walls will be equal 
to zero in the tank-fixed coordinate system. For the tangential velocity component, two 
boundary conditions can be applied, namely, no-slip and free-slip boundary conditions. 
If non-viscous flow is considered, the free-slip boundary condition can be adopted. On 
the other hand, if the fluid is viscous, the non-slip boundary condition may be applied. 
However, the non-slip boundary condition is only applicable when the mesh is fine 
enough to resolve the viscous boundary layer. If the coarse grid is used, the application 
of non-slip boundary condition can result in underestimating the velocity near the solid 
boundary. Therefore, the free-slip condition is used in this study instead of non-slip 
condition on the solid boundary, unless otherwise mentioned, i.e. 
 0nu =  (2.21) 
 / 0iu n∂ ∂ =  (2.22) 
Another important boundary condition is the free surface of sloshing fluid. In this 
study, the volume-of-fluid (VOF) method is adopted to capture the free surface 
motion. Because the Eulerian approach is used to track free surface, the exact location 
of the free surface within one cell will not be pursued in the present model. Instead, the 
change of the average density ρ  in each cell will be tracked. A volume of fluid (VOF) 
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Substitute Eq. (2.23) into Eq. (2.20), we obtain the transport equation for the 









 (2.24)  
in which F  represents the fractional volume of the cell occupied by fluid. Based on 
definition of the F  function, a unit value of F  corresponds to a cell full of fluid, 
whereas a zero value indicates that the cell contains no fluid. Cells with F  values 
between zero and one must then contain a free surface. 
2.6 Modeling of Station-Keeping System 
The purpose of station-keeping system (Sea-keeping system) is to hold marine floating 
structures in its position under sea conditions. Various types of sea-keeping station for 
floating structures are proposed by Wantanabe et al. (2004). The spread mooring 
system is applied in this study. This sea-keeping method is widely used for different 
kind of floaters such as moored vessel and semi-submersible (Figure 2.2). This system 
contains a number of mooring lines; each of them has one end connected to floaters 
and the other end attached to a drag anchor or pile embedded in the seabed. The lines 
are either chain, rope or a combination of both. Ropes can be made from steel, natural 
fibers or synthetic fibers. Anchor lines are composed of two or more segments of 
different material to obtain a heavy cable at the bottom and the lighter one close to the 
sea surface. This archives the effect of a stiffer and yet lighter anchor lines, compared 
to that using a single material. 
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Figure 2.2 The spread mooring system for a moored vessel  
It is noted that mooring lines in general are subjected to three types of excitation 
(Triantafyllou, 1990), namely large amplitude low frequency motions, medium 
amplitude wave frequency motions and small amplitude, very high frequency vortex-
induced vibrations. For coupled mooring-sloshing-floating tank motion problems, the 
focus will be placed on the influence of the low frequency and wave frequency 
motions on the mooring lines. The dynamic effects of high frequency vortex-induced 
vibrations will not be considered in this study because their effects to global responses 
of the floating tank are negligible (Strand, 1999; Aamo and Fossen, 2001). 
2.6.1 Forces in a Mooring Line 
The motion of the floating tank is affected by the tensile force at the top of each 
mooring cable attached to it. The tensile force 
,moor iT  of line i  is a function of the 
horizontal distance between the top point and the anchor point of the line, denoted as 
,hor iX  as well as the mooring line length ,m iL . That is 
 ( ), , ,,moor i i hor i m iT f X L=  (2.25) 
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When the position of the line’s upper end, the anchor position and the static line 
length are known, the line tension 
,moor iT  and its horizontal, vertical components 
, ,
, moor i moor iH V  at the upper end can be obtained 
 
Figure 2.3 Static line characteristics 
The profile of a mooring line is sketched in Figure 2.3. The elastic catenary 
equation of a single mooring line is used to express to static line characteristics and 
solve for the line tension 
,moor iT  its horizontal components ,moor iH  and vertical 
components 
,moor iV . These are (Triantafyllou, 1990) 
 
1 1( )sinh sinhmoor m m moor m m moor
m moor moor m m
H V w L s V w L H s
x
w H H E A
− −
    
− − −
= − +     







                                             ( )
2





H V w L s V w L
z
w H H
wV s L s L
E A
    
− − − 
= + − +        
 


























Touch down point 
Xhor 
Chapter 2. Mathematical formulation 
34 
 tan ( )moor moor m mH V w L sϕ = − −  (2.28) 
 1moor m mV V w L= +  (2.29) 
where mL  is the unstretched line length, mw  the weight in water per unit length, mE  
Young’s modulus of elasticity, mA  cross-sectional area of line, s  a parameter running 
along the cable from 0 to mL , ( ) and ( )x s z s  the spatial x −  and z −  coordinates of 
points along the cable respectively, 2 2moor moor moorT H V= +  the line tension at the 
upper end,  and moor moorH V  the horizontal and vertical components of moorT  
respectively at the upper end, ϕ  the angle between the horizontal and tangent of the 
cable, and 1V  the vertical tension at the lower end. 
2.6.2 Restoring Forces from Spread Mooring System 
As shown in Figure 2.4, the effect of the tensile force of the mooring line i  will 
produce an ,  x z  and rotational components, which is related to the connection position 
of mooring line’s upper end ( ),  zi ix  and planar angle iβ  of the line given with respect 
to the Earth-fixed coordinate system, see Faltinsen (1990) and Strans et al. (1998) for 
more details. Hence, the effect of the mooring system on the surge, heave and pitch 
motions of the tank is given by the column vector of restoring force 3( )mor t ∈F   as 
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∑  (2.30) 
where N  is the number of mooring lines 
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Figure 2.4 Spread mooring system 
2.7 Coupling Tank Motions, Sloshing Fluid and Mooring System 
The coupling between sloshing fluid and tank motion can be studied by including 
sloshing force vector ( )slosh tF  in the excitation force vector ( )tF  in the right hand side 
of Eq. (2.7) as follow 
 ( ) ( ) ( ) ( )ext slosh mort t t t= + +F F F F  (2.31) 
where ( )ext tF is the external excitation force vector acting on the outside wall of the 
tank due to waves and hydrodynamic reactions, it can be valuated by using 
formulations in Section 2.2; ( )
mor tF  the external excitation force vector acting on the 
outside wall of the tank due to the mooring lines used as a sea-keeping system in this 
study; ( )slosh tF  the sloshing-induced force vector acting internally on the tank walls. 
These sloshing forces and moments can be obtained by integrating the pressures acting 
over the corresponding walls of the tank and including them as a part of the forcing 
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As mentioned in an earlier section, the tank motion will result in sloshing of fluid in 
the tank and tensile forces of the mooring system. Then the hydrodynamic forces 
generated by the sloshing fluid and the mooring forces in turn will affect the tank 
motion. When the equations of motion of the floating tank are solved, the 
corresponding dynamic acceleration of surge, heave and pitch motions will be used as 
the forcing functions of the liquid motion in the tank and the corresponding motions 
will be drifts of the upper ends of the mooring lines 
2.8 Concluding remarks 
The mathematical model of the coupling between tank motions and the sloshing fluid 
inside the tank under sea-wave action was introduced in this chapter. Two reference 
frames, namely the Earth-fixed coordinate system and the body-fixed coordinate 
system, are defined. The Navier-Stokes equations were used to model the 
incompressible fluid inside the tank. The volume-of-fluid (VOF) method is employed 
to track the free surface motion of the sloshing fluid. The sloshing-fluid-induced 
hydrodynamic forces were considered and added to the equations of the floating tank 
model as a part of the forcing function of the tank motion. The hybrid frequency-time 
domain model was formulated to simulate the time history of the floating tank motion 
and modeling of the spread mooring system was also presented as a sea-keeping 
approach. In Chapter 3, numerical methods will be proposed and described to solve 
these mathematical models.  
37 
CHAPTER 3 NUMERICAL INPLEMENTATION 
3.1 Introduction 
In this chapter, the implementation of the two-dimensional numerical model of 
coupling between tank motion and sloshing fluid inside the tanks will be described. 
The Navier-Stokes equations will be discretized in both time and space by using the 
finite difference method and the free surface evolution of sloshing fluid is captured by 
using the volume of fluid (VOF) function F. The hybrid frequency-time domain 
method is adopted to solve the motion equations of the tank and the interaction 
between sloshing fluid and tank motion is studied by considering the sloshing-fluid-
induced hydrodynamic forces and moments as a part of the forcing functions in the 
floating tank motion equations. 
3.2 Finite Difference Method for Sloshing Fluid 
3.2.1 Discretization of computational domain 
The finite difference method will be used throughout the computation. A rectangular 
computational domain is first divided into M N×  non-uniform rectangular cells as 
given in Figure 3.1. The staggered grid system is adopted. All scalar quantities, such as 
pressure p  and the volume of fluid (VOF) function F, are defined at the center of the 
cells, while all vectors, such as the x  and z  components of the velocities and body 
forces, are defined at the cell surface as shown in Figure 3.2 










































Figure 3.2 Field variables of a typical computational cell 
3.2.2 Finite difference form of the governing equations 





1 n nnn n n nl l
l l m ln
m m m
u up
u u t u v f
x x xρ
+
+  ∂ ∂∂














Chapter 3. Numerical implementation 
39 
where the superscript indicates the time level and t∆  is the time step size. The 
subscripts ,  1,  2l m =  for two-dimensional problems, i.e., 1 2,  u u u v= = , 1x x= , 
2x z= . In the following, the notation ,
n
i jQ  stands for the value of ( ,  ,  )Q x z t  at time 
n t∆  and at a location centered in the thi  and thj  cell in the x  and z  directions, 













Figure 3.3 Momentum control volumes for convection in x  and z  directions 
The spatial discretization of the governing equations is given as below 
3.2.2.1 Convection terms 
All convection terms and diffusion terms will be evaluated at n-th time step. The 
convection terms in the x-momentum and z-momentum equations are evaluated at the 
right and top face of the cell, respectively (Figure 3.3). Thus 
 1/ 2, 1/ 2,
1/ 2, 1/ 2,
i j i j
i j i j
u u u u
u v u v
x z x z
+ +
+ +
∂ ∂ ∂ ∂   
+ = +   ∂ ∂ ∂ ∂   
 (3.3) 
 
, 1/ 2 , 1/ 2
, 1/ 2 , 1/ 2
i j i j
i j i j
v v v v
u v u v
x z x z
+ +
+ +
∂ ∂ ∂ ∂   
+ = +   ∂ ∂ ∂ ∂   
 (3.4) 
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In order to calculate the spatial derivations in Eq. (3.3), a combination of the 
upwind scheme and the central difference scheme will be adopted to obtain a more 
accurate numerical solution (Nichols et al. 1980 and Hirt and Nichols, 1981). The 
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 (3.8) 
Therefore, the general formula for the spatial derivative becomes 
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where 
 ( )( )1 1/ 2, 1sgni i i j i ix x x u x xα α+ + +∆ = ∆ + ∆ + ∆ − ∆  (3.10) 
Similarly,  
 ( )1/ 2, 1/ 2
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1 sgn i j j
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where 
 ( )( )1/ 2 1/ 2 1/ 2, 1/ 2 1/ 2sgni i i j i iz z z v z zα α+ − + + −∆ = ∆ + ∆ + ∆ − ∆  (3.12) 
and 
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 (3.14) 
In the above equations, ( )1/ 2,sgn i ju +  means the sign of 1/ 2,i ju + . The coefficient α  is 
the weighting factor between upwind scheme and the central difference scheme. When 
0α = , the finite difference form becomes the central difference; when 1α = , the finite 
difference form becomes the upwind difference. In practice, α  is general selected in 
the range of 0.3 0.5∼  (Liu, 2007) to produce the stable and accurate results. This type 
of approximation is applied for all convection terms in Eq. (3.3). The diffusion terms 
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are approximated with standard centered approximation. The finite difference form for 
the convection term in z-momentum equation Eq. (3.4) can be similarly obtained. 
3.2.2.2 Diffusion terms 
Once again, the diffusion terms in the x-momentum and z-momentum equations are 
approximated with standard centered approximation at the right and top face of the 
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= −      ∂ ∂ ∆ ∂ ∂       
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= − ∆ ∆ ∆  
 (3.19) 
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z z z z z+ ++
 ∂ ∂ ∂ ∂      
= −      ∂ ∂ ∆ ∂ ∂       
 
                       
, 3/ 2 , 1/ 2 , 1/ 2 , 1/ 2
1/ 2 1
1 i j i j i j i j
j i i
v v v v
z z z
+ + + −
+ +
− − 
= − ∆ ∆ ∆ 
 (3.20) 
3.2.2.3 Pressure terms and Body force terms 
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The body force terms in the x- and y-directions, nxf  and nzf , are computed at the 
right and top boundary of the cell, respectively 
3.2.2.4 Continuity equation 
The continuity equation will be evaluated at n+1-th time step as given below 
 
1 1 1 1
1/ 2, 1/ 2, , 1/ 2 , 1/ 2 0
n n n n
i j i j i j i j
i j
u u v v
x z
+ + + +




As discussed before and shown in Figure 3.2, the present scheme calculates the 
velocity components, u and v, on the cell boundaries. The pressure and the volume of 
fluid function F are calculated at the cell center. However, it is noted that in the finite 
difference form, some variables needed at the place where they are not originally 
defined. In such cases, the linear interpolation will be used to estimate them. The 
interpolated variables are listed as follows: 
 ( ), 1/ 2, 1/ 2,12i j i j i ju u u+ −= +  (3.26) 
 ( ), , 1/ 2 , 1/ 212i j i j i jv v v+ −= +  (3.27) 
 
, 1 , 1
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1
i j j i j j
i j
j j
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i j
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 ( )1/ 2 112i i ix x x+ +∆ = ∆ + ∆  (3.30) 
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 ( )1/ 2 112j j jz z z+ +∆ = ∆ + ∆  (3.31) 
3.2.3 Pressure approximation and solution algorithm 
Because the velocities in Eq. (3.2) are evaluated at the new time level, which depend 
on the n+1 level pressures according to Eq. (3.1), this equation is an implicit relation 
for the new pressures. A solution may be obtained by the following iterative process. 
3.2.3.1 Formulation for iterative procedure 
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= − ∆ − + + = = ∂ ∂ 
 (3.35) 
From Eqs. (3.32)  and (3.33), we have 
 
1 1 1 1
1, , , 1,1 1
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x xρ ρ
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− −




1 1 1 1
, 1 , , , 11 1
, 1/ 2 , 1/ 2 , 1/ 2 , 1/ 2
, 1/ 2 1/ 2 , 1/ 2 1/ 2
,  
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+ + + +
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− −
= − ∆ = − ∆
∆ ∆
 (3.37) 
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Substitution of Eqs. (3.36) and (3.37) into Eq. (3.25) yields 
 
1 1 1 1
1, , , 1,
1/ 2, 1/ 2,
1/ 2, 1/ 2 1/ 2, 1/ 2
1 n n n ni j i j i j i jn n
i j i jn n
i i j i i j i
p p p p
G t G t
x x xρ ρ
+ + + +
+ −
+ −
+ + − −
    
− −
    
− ∆ − − ∆
   ∆ ∆ ∆     
 
        
1 1 1 1
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1 0
n n n n
i j i j i j i jn n
i j i jn n
j i j j i j j
p p p p
H t H t
z z zρ ρ
+ + + +
+ −
+ −
+ + − −
   
− −
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   ∆ ∆ ∆
   
 (3.38) 
The system of equation (3.38) has a form of 1
,
( ) 0ni jf p + = , and at any interior 





 is given by 
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In which, Ω  is over-relaxation factor, r the iterative step. To ensure stability for free 
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 (3.40) 
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   
− −
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   ∆ ∆ ∆
   
 (3.41) 
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The following iterative formulas for Eqs. (3.36) and (3.37) are defined 
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Substitution of Eqs. (3.42)-(3.45) into Eq. (3.39) yields 
 ( )( ) ( )( ) ( )( )11 1 1, , ,r r rn n ni j i j i jp p pδ++ + += +  (3.46) 
where 





i j r r
f pp
f p p




( ) ( ) ( ) ( )1/ 2 1/ 21 1 1 11/ 2, 1/ 2, , 1/ 2 , 1/ 2( )
r r r r
n n n n
i j i j i j i j
i j
u u v vf p
x z
+ ++ + + +








After ( )( )11, rni jp ++  has been obtain from Eq. (3.46), the velocity field can be updated 
by using Eqs. (3.42)-(3.45) 
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Elimination of 1/ 2, 1/ 2, , 1/ 2 , 1/ 2, , , 
n n n n
i j i j i j i jG G H H+ − + −  between Eqs. (3.42) - (3.45) and 
Eqs. (3.49) - (3.52) yields 
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It is proved that Eq. (3.46) and Eqs. (3.53) - (3.56) can also be applied for the cells 
near solid boundaries provided that suitable boundary conditions are imposed 
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(Greenspan and Casulli, 1988). With the free surface cells, to satisfy the free-surface 
boundary condition, ( )f p  in Eq. (3.47) must be given by 
 ( )
,
( ) 1 d N d S i jf p p p pλ λ= − + +  (3.57) 
where /d cd dλ =  is the ratio of the distance between the cell centers and the distance 
between the free-surface and the center of the interpolation cell as shown in Figure 3.4. 
The equation (3.57) implies that the surface cell pressure (
,i jp ) is set to equal to the 
value obtained by a linear interpolation between the pressure desired at the surface 
( Sp ) and a pressure inside the fluid ( Np ). The interpolation cell will be chosen such 
that the line connecting its center to the center of the surface cell is closest to normal to 









Figure 3.4 Definition of pressure interpolation distances 
3.2.3.2 Solution algorithm 
A complete iteration consists of adjusting pressures and velocities in all cells occupied 
by fluid according to Eq. (3.46) and Eqs. (3.53) - (3.56), where ( )f p  is given by Eq. 
(3.48) for an interior cell and by Eq. (3.57) for a surface cell. In the iterative process, 
the computational mesh is swept cell by cell from left to right and from bottom to top. 
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During the iterative process, the newest values of velocities and pressures are used in 
the next iterative step. The computer algorithm for the iteration is given as following 
• Step 1: At initial time t0=0, for n=0, set initial fluid velocities 0 01/ 2, , 1/ 2, i j i ju v+ +  
from the given initial conditions and the initial pressure iterates ( )(0)1, 0i jp =  
• Step 2: Set the velocity boundary conditions that will be discussed in detail 
in the next section 
• Step 3: Set r=0 and determine explicitly the initial velocity iterates 
( )(0)11/ 2,ni ju ++  and ( )(0)1, 1/ 2ni jv ++  by using Eqs. (3.42) and (3.44), respectively 
• Step 4: For each cell (i,j) calculate pressure change ( )( )1, rni jpδ + with Eq. (3.47)
. Then, update the pressure at the center and the velocities on the side of the 
cell (i,j) by using Eq. (3.46) and Eqs. (3.53) - (3.56), respectively 
• Step 5: Repeat step 4 for r=1, 2, 3 …until convergence is achieved. 
Convergence of the iteration is archived when all cells have ( )f p  values 
whose amplitudes are below some small number, ε . It is noted that when 
the convergence for the pressure has been obtained, the corresponding 
velocity iterates converged simultaneously to the desired velocity field. 
• Step 6: Proceed to next time step by setting the pressure guess 
( )(0)2 1, ,n ni j i jp p+ += . Then repeat steps 2 - 5 for n=1, 2… until desired time 
interval is obtained. 
3.2.4 Boundary conditions 
To set the boundary conditions, a layer of virtual cells surrounding the computational 
region is used. Thus, there are usually (M+2)× (N+2) total cells in a complete mesh. 
There are two types of boundary conditions employed in this problem: the boundary 
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between the fluid and the rigid tank walls, and the free surface condition between the 
fluid and the air. 
3.2.4.1 Rigid wall boundary conditions 
The boundaries may be free-slip or non-slip walls. The rigid non-slip wall boundary 
conditions require zero tangential velocity at each boundary, while the tangential 
velocity should have no normal gradient for free-slip boundaries. The velocity normal 
to the wall must vanish for both types of wall. For example, a cell (i, j) next to solid 
wall is considered and cell (i-1, j) is a virtual cell (Figure 3.5). The size of the virtual 















Figure 3.5 Rigid wall boundary condition 
From above conditions, the rigid wall boundary conditions (for all j) are given by 
• Free-slip boundary 
 1/ 2, 1, 1/ 2 , 1/ 2 1, , 1, ,0;  ;  ;  i j i j i j i j i j i j i ju v v p p F F− − + + − −= = = =  (3.58) 
• No-slip boundary 
 1/ 2, 1, 1/ 2 , 1/ 2 1, , 1, ,0;  ;  ;  i j i j i j i j i j i j i ju v v p p F F− − + + − −= = − = =  (3.59) 
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These conditions are imposed on the velocities computed from the momentum 
equations and each sweep throughout the mesh during the pressure iteration 
3.2.4.2 Boundary conditions for baffles 
The internal-obstacle boundaries are applied to model rigid baffles in sloshing fluid. 
The definition of internal obstacles is accomplished by flagging those cells of a mesh 
that are to be blocked out. A value of BETA = -1.0 programmed into the code for each 
application is assigned to all obstacle cells. No velocities and pressures are calculated 
in these obstacle cells and normal velocity components on faces of obstacle cells are 
automatically set to zero. Because all velocity components within obstacle cells are set 
to zero, no-slip tangential velocity conditions at obstacle boundaries are only first-
order accurate. It means that tangential velocities are zero at locations shifted into 
obstacles one-half of a cell width from actual boundary location. 
3.2.4.3 Free surface boundary conditions 
The free surface boundary condition includes the free surface stress conditions and the 
specification of velocities immediately outside the surface where these values are 
needed in the finite-difference approximations for points outside the free surface. 
The velocity boundary conditions at a free surface are based on the satisfying of the 
continuity equation for surface cells. Velocities must be set on every cell boundary 
between a surface cell and an empty cell. If the surface cell has only one neighboring 
empty cell, the velocity for this boundary is set to ensure the vanishing of the velocity 
divergence. When there are two or more empty cell neighbors, the individual 
contributions to the divergence, /  and /u x v z∂ ∂ ∂ ∂ , are separately set to zero.  
In general, the free surface stress conditions are that the stress tangential to the free 
surface must vanish and the stress normal to the surface must be exactly balance any 
externally applied normal stress. In this study, the free-surface boundary condition for 
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normal stress is automatically satisfied by applying Eq. (3.57) during the pressure 
iteration process. / 0 or / 0u z v x∂ ∂ = ∂ ∂ =  is additionally used to set exterior tangent 
velocities to a free surface on boundaries between empty cell adjacent to a  surface 
cell. These free surface stress conditions are simple approximations, and these 
approximations are adequate with low viscosity and incompressible fluids like those in 
this study. With very-low-Reynolds-number flows ( 10R ≤ ), complete stress 
conditions should be applied (Hirt and Shannon, 1968). The complete stress conditions 
for the free surface and their improvement were discussed in detail in Harlow and 
Welch (1965), Hirt and Shannon (1968), Chan and Street (1970) and Nichols and Hirt 
(1971). 
3.2.5 Volume of fluid method 
The volume of fluid method (VOF) is applied to capture the free-surface of the 
sloshing fluid. It tracks the free surface through the change of VOF function in each 
cell. The free surface is defined as a cell which has a nonzero value of F and at least 
one neighborhood cell containing a zero value of F. Cells with zero F values are called 
empty cells, and cells with nonzero F values and no empty neighbors are treated as full 
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 (3.61) 
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From Eq. (3.61), it is obvious that the key issue to update the VOF function is how 
to determine the VOF fluxes ,  ,  ,  east west top bottomF F F F∆ ∆ ∆ ∆  across the four cell faces for 
each computational cell. In the present model, to preserve the sharp definition of free 
surfaces, the donor-acceptor flux approximation is employed. The detailed procedure 
is given below 
3.2.5.1 Free-surface reconstruction 
With the assumption that the free surface can be approximated by a straight line 
cutting through the cell, when the slope of this line is known, the interface will be 
uniquely determined with the given VOF value in the cell. 
To determine the surface slope, it is noted that the surface can be represented as a 
single-valued function Z(x) or X(z), depending on its orientation. If the interface is 
represented by Z(x), a good approximation of Z(x) is given by 
 
, 1 1 , , 1 1( )i i i j j i j j i j jZ Z x F z F z F z− − + += = ∆ + ∆ + ∆  (3.62) 
where Z=0 is at the bottom edge of the (j-1)th cell row. Then 
 ( ) ( ) ( )1 1 1 1/ 2 / 2i i i i iidZ dx Z Z x x x+ − + −= − ∆ + ∆ + ∆  (3.63) 
A similar calculation can be made for /dX dz  
 1, 1 , 1, 1( )j j i j i i j i i j iX X z F x F x F x− − + += = ∆ + ∆ + ∆  (3.64) 
and 
 ( ) ( ) ( )1 1 1 1/ 2 / 2j j j j jjdX dz X X z z z+ − + −= − ∆ + ∆ + ∆  (3.65) 
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If ( )/dZ dx  is smaller than ( )/dX dz , the surface is more nearly horizontal than 
vertical, otherwise it is more nearly vertical. In any case, the smaller one gives the 
better approximation to the slope 
Furthermore, suppose /dZ dx  is smaller, so the interface is more horizontal than 
vertical. If /dX dz  is negative, fluid lies below the interface, and cell (i, j-1) is used as 
the interpolation neighbor (see Section 3.2.3.1) for surface cell (i, j), otherwise, cell (i, 
j+1) is used as the interpolation neighbor. This interface line is also used as an 
approximation to the actual surface and provides information to calculate η  for the 
application of free surface pressure boundary conditions 
3.2.5.2 Determination of donor cell 
To determine the VOF flux across a particular cell face, the velocity on the face is used 
to identify the donor cell that contribute to VOF during the convection. For example, 
for the cell face on east side, if 1/ 2, 0i ju + > , the donor cell will be cell (i, j); on the other 










(a) the donor-acceptor arrangement (b) AD=D (c) AD=A
DONOR ACCEPTOR
the actual amounts of F fluxed
 
Figure 3.6 Examples of free surface shapes used in the advection of F  
3.2.5.3 Determination of VOF flux 
To determine the VOF flux, the donor-acceptor flux approximation is used. The 
detailed procedure is given below for the calculation of eastF∆  as an example and the 
other fluxes can be calculated in the same way.  
Chapter 3. Numerical implementation 
56 
The total flux of fluid volume and void volume crossing the right cell surface per 
unit cross sectional area is given by 
 1/ 2,i jV u t+= ∆  (3.66) 
then eastF∆  is given by 
 east jF F zδ∆ = × ∆  (3.67) 
where 
 { }min ,AD D DF F V CF F xδ = + ∆  (3.68) 
 ( ) ( ){ }max 1.0 1.0 ,0.0AD D DCF F V F x= − − − ∆  (3.69) 
Single subscripts denote the acceptor (A) and donor (D). The double subscript, AD, 
refers to either A or D, depending on the mean surface orientation relative to the 
direction of flow. AD=A when the surface is convected mostly normal to itself; 
otherwise, AD=D is used (Figure 3.6). The detailed explanation can be found in 
Nichols et al. (1980) 
3.2.6 Numerical stability 
According to Nichols et al. (1980), the chosen time step should satisfy the following 
conditions to ensure numerical stability for the solution. Firstly, to ensure that the fluid 
cannot flux more than the dimension of one cell in one time step, the time step must 








 ∆ ∆ ∆ <  
  
 (3.70) 
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Secondly, with viscous fluid, momentum must not diffuse more than approximately 




















max , 1i j i j
i j
u t v t
x z
α
 ∆ ∆ 
< < ∆ ∆  
 (3.72) 
Based on these three conditions, time step is automatically adjusted to ensure 
numerical stability in this numerical model. It means that if the chosen time step does 
not satisfy the stability conditions, it will automatically be reduced until all stability 
conditions are satisfied. 
3.3 Numerical Solution for Tank Motion 
In a time-domain simulation code, the differential equation in Eq. (2.14) can be 
calculated by an integration method such as Runge-Kutta or Newmark- β  when the 
values of the function ( )F t
→
 in Eq. (2.14) are known. This implies that regardless of the 
chosen numerical scheme, the convolution integral must be evaluated at each 
simulation time step. Kashiwagi (2000, 2004) and Taghipour (2008) proved that 
integrating directly the convolution makes this method become computationally 
demanding and inefficient. For this reason, significant efforts have been dedicated to 
find the alternative representations of the convolution terms in Cummin’s equation. 
These alternative representations can be broadly grouped into the following types: 
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• Replacement of the frequency-dependent added mass and damping by constant 
coefficients 
• Replacement of the convolution by a state-space formulation 
• Replacement of the force-to-motion response by a state-space model 
In this study, the replacement of the convolution by a state-space formulation is 
applied and described in detail. This approach has been used by a number of 
researchers within different areas such as Schmiechen (1973), Jefferys (1984), Yu and 
Falnes (1995), Kristiansen and Egeland (2003), Fossen (2005) and Taghipour (2008). 
Other methods and the related references are summarized in Taghipour (2008). The 
following section described the process to replace the computationally expensive 
convolution terms in Cummin’s equation with a state-space representation of low 
order. This process includes two stages. Firstly, the convolution term is replaced by a 
high order state-space model. Then, this high order state-space model is converted to a 
lower order state-space model that will approximate the convolution term with 
sufficient accuracy. This process involves the use of parametric model identification 
3.3.1 Convolution replacement 
Convolution term in Cummin’s equation can be written 
 ( )( ) ( )R t t dτ τ τ
+∞
−∞
= −∫F K ξ  (3.73) 
where we have introduced ( )R tF  as the output of a linear system with input ( )tξ  and 
kernel ( )tK . Such a linear system can be represented by a state-space realization 
 ( ) ' ( ) ' ( )t t t= +z A z B ξ  (3.74) 
Chapter 3. Numerical implementation 
59 
 ( ) ' ( ) ' ( )R t t t= +F C z D ξ  (3.75) 
Given ( )tK , it is possible to find some state-space realization Eqs. (3.74) and (3.75) 
so that with given ( )tξ , output ( )R tF  characterized according to Eq. (3.73). Then the 
Cummin’s equation can be rewritten 
 [ ] ( ) ( ) ( ) ( ) ( )Rt t t t t+ + + + =M A ξ Bξ F Cξ F   (3.76) 
 ( ) ' ( ) ' ( )t t t= +z A z B ξ   
 ( ) ' ( ) ' ( )R t t t= +F C z D ξ   
where ( )tz  is the state vector which gives an internal description of the system. 
As can be seen, the entire equation of motion is on state-space form. The complete 
state-space model will require far less computational effort than mixed model 
incorporating convolution terms. In addition, a vast number of analysis and control 
design tools become available in simulation packages like MATLAB and SIMULINK 
which are based on the use of state-space formulation. 
3.3.2 Identification methods for convolution replacement 
Every identification method consists of selecting a series of data, choosing a model 
structure (model type and order) and a fitting criterion. The unknown parameters in the 
prospective model are obtained by a parameter estimation method and using the 
specified fitting criteria (Ljung, 1999). The objective of the system identification is to 
obtain the lowest order model possible that is able to reproduce while maintaining 
stability of the resulting model.  Based on types of data and parameter estimation 
methods described in the next section, the alternative identification method can be 
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divided into two groups: frequency-domain identification and time-domain 
identification. In this study, the time-domain approach which estimates a state-space 
model for the convolution terms using the retardation functions ( )tK  is applied and 
described in detail. This approach was used by Yu and Falnes (1995, 1998), 
Kristiansen and Egeland (2003), Kristiansen et al. (2005), Fossen (2005) and 
Taghipour (2008) and is summarized in Figure 3.7. Firstly, added mass and damping 
are evaluated by using a hydrodynamic code, and then the retardation functions ( )tK  
can be obtained by using Eq. (2.16). Finally, realization theory is used as a parameter 
estimation method by which the unknown model parameters resulting from the 
identification method are obtained. The solution of the realization problem consists of 
two steps: 
• Find the McMillan degree of the system, which is the order of a minimal 
realization 
• Find the matrices ' ' ' ',  ,  , d d d dA B C D  
 
Figure 3.7 The identification of state-space model to replace the convolution integrals 
These steps are implemented in MATLAB using function imp2ss from the robust 
control toolbox. The theory and formulation of this parameter estimation method and 
two other parameter estimation methods (impulse response curve fitting and regression 
in the frequency domain) can be found in Taghipour (2008) 
In this method, added mass and damping serve as the basic elements of the hybrid 
frequency-time domain models because they construct the convolution kernels. In 
evaluation of such quantities, it is important to pay attention to the irregular 
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frequencies, panel size, the truncation frequency and the resolution of the frequency-
dependent data. Ignoring these parameters can fundamentally violate the quality of the 
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3.3.3 Model reduction 
After applying the identification method, the high order state-space model can be 
obtained. This model is then converted to a low order state-space model that will 
approximate the convolution term with sufficient accuracy. This process of converting 
is called model reduction. In this study, model reduction was performed using the 
balanced truncation method. An overview on the balanced truncation method and other 
model reduction techniques can be found in Antoulas and Sorensen (2001), Gugercin 
and Antoulas (2000). The truncated balanced reduction method is implemented in 
numerically robust way in the MATLAB function balmr from the robust control 
toolbox (See Safonov and Chiang (1989) for details). The output is the new low order 
state-space model matrices ' ' ' ',  ,  , A B C D . 
3.4 Algorithm of Fully Coupled Sloshing Fluid - Floating Tank Program 
The flowchart in Figure 3.8 summarizes the algorithm involved in analyzing the 
coupling between the tank motion and the sloshing fluid inside the tank under sea-
wave action. Inputs are wave data and the tank geometry and properties of sloshing 
fluid. Outputs are time history of tank motions and the sloshing response of the fluid. 
3.5 Concluding remarks 
The numerical methods and algorithms solving the coupled sloshing-floating tank 
motions under sea-wave action were presented in this chapter. The finite difference 
approximations were used to solve the governing equations of the sloshing fluid and 
the volume of fluid method (VOF) was adopted to track the free surface of the fluid 
inside the tank. The hybrid time-frequency domain was proposed to simulate dynamic 
responses of tank motions. A state-space model was used to replace the convolution 
terms in Cummins equations for improved simulation speed. 
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In the next chapter, benchmark studies will be considered to verify the numerical 
algorithm. Parametric studies on coupled sloshing-floating tank motions with different 
wave frequencies, wave heights as well as liquid filling ratios are implemented. The 
dynamic response of a floating tank and the free surface displacement of the sloshing 
fluid inside the tank are also analyzed and discussed in detail. 
 
CHAPTER 4 FULLY COUPLED SLOSHING-FLOATING 
TANK MOTION PROBLEM 
4.1 Introduction 
In this chapter, the numerical model will be used to study coupling effect between 
liquid sloshing and floating tank motions under both regular and irregular sea-wave 
conditions. Firstly, the tank model and sloshing model are studied separately to verify 
the accuracy of each model. Secondly, an example is setup to verify the combined 
model. Then the combined model is used to study the effect of coupling between tank 
motions and sloshing of the fluid under multiple degrees of freedom of excitations. 
Parametric studies for different wave frequencies and different liquid-filling levels are 
also investigated. Finally, wave spectrums are applied to study coupling effect between 
tank motions and sloshing of the fluid under irregular sea conditions. 
4.2 Verification of Numerical Model 
Based on the flowchart in Figure 3.8, it is obvious that the complete program is the 
combination of the tank model and the sloshing model. In this section, they are 
considered separately to validate the computer code. First, the tank model is turned off 
to model the sloshing of a rectangular tank excited by the translational and rotational 
oscillations. Then the sloshing model is turned off to study dynamic response of a 
floating tank. Finally, these two models are combined and verified to study coupled 
sloshing-floating tank motion problem. 
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4.2.1 Liquid sloshing in rectangular tank 
4.2.1.1 Liquid sloshing in storage tank under horizontal excitations 
Firstly, the tank model is turned off to simulate fluid sloshing in a horizontally excited 
2-D rectangular tank with still water depth h and tank length 2a. For the periodic 
excitation coseu A tω= − , where  is the tank excitation velocity, eu A bω=  is the 
velocity amplitude with b being the displacement amplitude, and ω  is the angular 
frequency of the excitation, Faltinsen (1978) gave the linear analytical solution for the 
velocity potential function φ  . From this function, the free surface displacement η  is 
given by 
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It is noted that the origin of both coordinate systems is set at the center of the tank 
and on the still water level. 
In this study we will use the parameter h=a=0.5m. With g=9.81m/s2, the lowest 
natural frequency of fluid in the tank can be computed as . We simulate 
the case with the excitation frequency . The 
computational domain  is applied. The molecular viscosity is set to 
zero to be consistent with potential flow assumption, and the applied time step at the 
beginning is s. The simulation runs up to 
1
0 5.3166 sω −=
3
00.95  and 0.4 10 mbω ω −= = ×
100 100M N× = ×
0.005tΔ = 10st = . The numerical results of 
free surface displacement at x a=  (right boundary) are compared to the analytical 
solution (Eq. (4.1)) in Figure 4.1. Because the near-resonant frequency was applied, 
the sloshing amplitude increases with time despite of small displacement amplitude. 
Numerical results match remarkably well with the analytical solution. 














Figure 4.1 Comparisons of free surface displacement at x=a in a horizontally excited 
tank with 3 00.4 10 m and 0.95b ω ω= × =−  between the present numerical results 
(circle) and analytical solution (solid line) 
Secondly, the fully nonlinear sloshing fluid is studied, and results of the present 
model are compared with those of the fully non-linear wave velocity potential based on 
the finite element method (Wang and Khoo, 2005). In this numerical computation, the 
breadth of the container is 2a=1m, and still water depth h=0.5m. The tank is assumed 
to be subjected to the following horizontal motion ( ) sinx t b tω= . 
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The molecular viscosity is also set to zero to be consistent with potential flow 
assumption. Figure 4.2 shows the comparison of wave elevation history between the 
results of the present model and those of Wang and Khoo (2005) using finite element 
method with 00.9ω ω=  and 0.002b h= . Then a case with 00.999ω ω=  and 
 is considered for a resonant phenomenon. The comparison wave elevation 
history at the left corner is shown in 
0.002b = h
Figure 4.3 with ( )/ /t h gτ = . The increasing of 
the sloshing amplitude with time is also observed. It can be seen from these figures 
that the present results are in good agreement with the finite element solutions. 









Figure 4.2 Wave elevation history at the left corner x a= −  with 00.9ω ω=  between 
the present numerical results (circle) and the finite element solution (solid line). 










Wang & Khoo (2005)
Present study
 
Figure 4.3 Wave elevation history at the left corner x a= −  with 00.999ω ω=  between 
the present numerical results and the finite element solution. 
Finally, results of the present model are compared with experimental results 
(Goudarzi and Sabbagh-Yardi, 2012). Dimensions of a rectangular tank are 2H a× = , 
 and still water depth h=0.624m. The tank was studied under the harmonic 
excitation 
1 0.96m×
( ) sinx t b tω=  with b=0.005 m and two excitation frequencies were 
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simulated: 5.615 and 6.221ω =  rad/s. The computational domain was divided into 
 cells and the applied time step at the beginning is s (after 
conducting a convergence study). The free surface displacements at 
96 100M N× = × 0.005tΔ =
x a= −  (left 
boundary wall) are compared to the experimental results in Figure 4.4 and Figure 4.5 
for 5.615 and 6.221ω =  rad/s, respectively. In these figures, the wave elevations are 
almost identical in both present model and experiment results. In Figure 4.6, snapshots 
of nonlinear liquid motions are compared between the present study and the 
experiment. As can be seen, despite of large displacement. The present model can 
accurately predict the free surface profile. And from the above studies, it can be 
concluded that the sloshing model are validated and can be used to simulate the 
sloshing fluid in 2-D rectangular tank in both linear and fully nonlinear cases. This 
model will be used to study rotational excitations in the next section. 

















Figure 4.4 Wave elevation history at the left corner with 5.615ω =  rad/s. 
















Figure 4.5 Wave elevation history at the left corner with =6.221ω  rad/s 
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Figure 4.6 Snapshot of sloshing with 5.615ω =  rad/s at 11.4t = s ( max 0.195mη = ). 
4.2.1.2 Liquid sloshing in storage tank under rotational excitation 
In this section, the present sloshing model will be applied to the analysis of liquid 
sloshing in the rectangular tank subjected to forced pitching motions. The tank model 
is still turned off. The length of the tank is 2a=0.9m and water depth is h=0.6m. The 
tank is subjected to the forced sinusoidal pitching oscillation ( )tθ  about the center of 
the initial free surface 0( ) cost tθ θ ω= . 
Where 0θ  and ω  are the amplitude and the frequency of the forced pitch motion, 
respectively, and chosen the same as those in Nakayama and Washizu (1981), i.e., 
 and o0 0.8θ = 5.5 rad/sω = . Initially, the tank is inclined at the angle of 0θ  and the 
liquid is entirely at rest. The computational domain 90 100M N× = ×  is applied and 
the simulation time step at the beginning is 0.005tΔ = s. 










Nakayama & Washizu (1981)
 
Figure 4.7 Free surface displacement at x=a between the present numerical result and 
that from Nakayama and Washizu (1981). 
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Figure 4.7 shows the time history of the free surface displacement at the right 
boundary. The numerical result obtained from the present study, which is denoted by 
circles, is compared with the results obtained from the boundary element method of 
Nakayama and Washizu (1981). It is seen that the present solution agrees well with 
that from Nakayama and Washizu (1981) in 10s. From the above study, it is concluded 
that the sloshing model can be used to simulate the sloshing fluid in 2-D rectangular 
tank under rotational excitations. 








Figure 4.8 2D rectangular tank with horizontal baffles  














Biswal et al (2006)
Present study
 
Figure 4.9 Comparisons of the time histories of sloshing elevation at the right 
boundary of the baffled tank among present study and results of Biswal et al. (2006)  
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In order to verify the accuracy of the model for simulating liquid sloshing in a tank 
with baffles, the numerical results will be compared with that from Biswal et al. 
(2006). A partially liquid filled rectangular rigid tank with rigid baffle is considered. 
The tank length 2a=1.0m and the water depth h=0.5m. A single baffle at each tank 
wall is placed at a depth of Db from the liquid free surface. The baffle is assumed to be 
rigid and the length is Hb=0.8a. It is placed at a depth of Db=0.4m from the initial free 
surface and on the left and right boundary of the tank. The tank is under the periodic 
excitation ( ) sinx t b tω= , where b=0.002m and 5.29ω =  rad/s. The numerical results 
of the free surface displacement at the right boundary of the tank are compared with 
the results from Biswal et al. (2006). Good agreement is obtained and it can be 
concluded that the present numerical model can be used to simulate sloshing fluid in a 
storage tank with the presence of baffles. 
4.2.1.4 Liquid sloshing in storage tank with shallow effect and breaking waves 
In this section, to demonstrate capacity of VOF in capturing large free surface 
displacement and broken free surface, an example is set up and simulated. The verified 
sloshing model mentioned above will be applied to the analysis of liquid sloshing in 
the rectangular tank subjected to forced pitching motions. The length of the tank is 
2a=0.9m and water depth is h=0.25m. The tank is subjected to the forced sinusoidal 
pitching oscillation ( )tθ  about the center of the initial free surface 0( ) cost tθ θ ω= , 
where  and 00 0.8θ = 5.5 rad/sω = . Initially, the tank is inclined at the angle of 0θ  and 
the liquid is entirely at rest. The time step is automatically adjusted to ensure numerical 
stability. 
Figure 4.10 shows the snapshots of sloshing liquid configuration. It can be seen 
from the figure that large sloshing amplitude, breaking wave of sloshing fluid and even 
bubbles inside the sloshing fluid are well captured by VOF method. 
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Figure 4.10 Snapshot of sloshing elevation with breaking waves  
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4.2.2 Dynamic response of floating structures 
In this section, the sloshing model is turned off and the tank model is used to study the 
dynamic responses of a vertical cylinder in heave and a floating rectangular tank. 
Firstly, the heaving motion of a floating cylinder-shaped body is considered and the 
obtained results are compared with the results presented in Yu and Falnes (1995). The 
values of cylinder properties, coefficients of added mass, wave radiation damping and 
wave excitation force, which are similar to those of Yu and Falnes (1995), are applied. 
The cylinder properties are summarized in Table 4.1 and the wave radiation damping 
(B) is showed in Figure 4.11.  
Table 4.1 Summary of the cylinder’s properties 
R Radius of cylinder 0.35 m 
Dc Draught of cylinder 0.63 m 
WD Water depth 3.0 m 
M Mass of cylinder 242 kg 
m∞  Infinity-frequency added mass 83.5 kg 
ρ  Mass density of displaced water 1000 kg/m3
 















Figure 4.11 Non-dimensional coefficient of frequency-dependent added damping  
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Figure 4.12 Non-dimensional impulse response function of wave radiation force  ( )tK
For the identification problem, a linear sub-system of order four is applied. The 
impulse response function corresponding to the state-space model of this sub-system is 
showed in Figure 4.12. It can be found that the impulse response function 
corresponding to the approximation linear sub-system is in very good agreement with 
the impulse response function of the radiation force and the identification result from 
Yu and Falnes (1995). 













Falnes et al (1995)
Present Study
 
Figure 4.13 Non-dimensional amplitude Z/A of the heave motion of the cylinder 
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The corresponding transfer function of the heave motion of the floating cylinder and 
the comparison with Yu and Falnes’ result are showed in Figure 4.13. It can be seen 
that the result obtained from the present study matches well with that from Yu and 
Falnes (1995). From this example, it can be concluded that the tank model can be used 
to simulate the dynamic response of the floating structure in heaving under sea 
conditions. 
In the following section, the tank model is used to study the dynamic response of a 
floating rectangular tank under three degrees of freedom and the obtained results are 
compared with results from DIFFRACT program. Firstly, frequency-dependent added 
mass and damping for the tank are calculated numerically using software package 
DIFFRACT, which is developed by researchers in University of Oxford. DIFFRACT 
is a radiation/diffraction panel program developed for linear analysis of the interaction 
of surface wave with offshore structures. DIFFRACT is based on a 3D panel method, 
utilizing Green’s theorem to derive integral equations for the radiation and diffraction 
velocity potentials on the body boundary. The free surface boundary condition and 
body condition are linearized, and the flow is assumed to be potential. 
In this work, a 530 panel tank geometry of a 40m long, 1300 tonnes deadweight 
floating tank is used with DIFFRACT version 9. The tank geometry data is assumed to 
be symmetric about the xz-plan. Values of ( )ωA  and ( )ωB  were calculated in the 
frequency range 0.01 3.01ω< <  rad/s using 0.01 rad/s intervals and the results are 
showed in Figure 4.14 and Figure 4.15. It is noted that extension tails are applied for 
( )ωB  to increase the numerical accuracy of the identification model.  
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Figure 4.14 Frequency-dependent added mass of the tank  


































































































Figure 4.15 Frequency-dependent added damping of the tank 
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The convolution term kernels, or impulse responses,  are calculated from Eq. 
(2.16).  is estimated by trapezoidal integration over 
( )tK
( )tK ω  with 0.01ωΔ =  for each t, 
spaced by the time-step . To capture the desired dynamics, the upper limit 
for t must be chosen after  converges. Here, the upper limit was taken to be 30s, 





Figure 4.16 for all modes. 

















































































Figure 4.16 Identification results of the model. The indexes 1,3,5 are surge, heave and 
pitch directions respectively 
The state-space model is generated from  by applying the system identification 
scheme based on the Hankel singular value decomposition method proposed by Kung 
(1978), available as the function imp2ss in the Robust Control Toolbox of MATLAB. 
The truncated balanced reduction method is implemented in a numerically robust way 
in the MATLAB function balmr form the Robust Control Toolbox. See Safonov and 
( )tK
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Chiang (1989) for details to obtain lower order state-space matrixes. A parametric 
study was applied and presented in Figure 4.16. It can be observed that the impulse 
response function corresponding to the approximation linear sub-system of order 6 is 
in very good agreement with the impulse response function of the radiation force for 
this problem. This means that the state-space model with order of 6 is good enough to 
replace the impulse response function model. The similar parametric study should be 
applied for other cases to obtain a suitable order of state-space model. 








Motion RAO of the Surge motion
 
 
Motion RAO from DIFFRACT
Motion RAO from Hybrid Model order=6









Motion RAO of the Heave motion
 
 








Motion RAO of the Pitch motion
 
 
Motion RAO from DIFFRACT
Motion RAO from Hybrid Model order=6
Motion RAO from DIFFRACT
Motion RAO from Hybrid Model order=6
 
Figure 4.17 Motion RAO for 3 DOF of the floating tank 
From all these input results, the tank model without sloshing effects is studied to 
verify the system identification, state-space model and Simulink model by comparing 
the motion RAOs obtained from the tank model (hybrid model) with those obtained 
from DIFFRACT program. The comparison is presented in Figure 4.17 . It can be seen 
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from the figure that the results of hybrid frequency-time domain are in good agreement 
with those of DIFFRACT program. And from the above studies, it can be concluded 
that the tank model can be used to simulate dynamic response of a floating body under 
sea conditions. 
4.2.3 Effect of sloshing on response of floating tank 
Before sloshing-floating tank problem is considered, a parametric study about cell size 
is implemented to find a suitable meshing and ensure accuracy of the numerical model. 
In this study, a square tank with dimension of 10 10H L× = ×  m will be considered. 
Different cell sizes including square cells with dimensions of / 5,x y LΔ = Δ =  , 
, , and a rectangular cell with 
/10L
/ 20L / 40L /16,  / 20x L y LΔ = Δ =  are adopted. The 
same water depth h=5m and external excitations are simulated. The tank is subjected 
to the forced sinusoidal pitching oscillation ( )tθ  about the center of the initial free 
surface 0( ) cost tθ θ ω= , where  and 00 0.8θ = 1.6 rad/sω = . The applied time step at 
the beginning is s and the simulation runs up to 0.005tΔ = 10st = .  














Δx=Δy=L/5 Δx=Δy=L/10 Δx=L/16, Δy=L/20 Δx=Δy=L/20 Δx=Δy=L/40
 
Figure 4.18 Parametric studies with different cell sizes. 
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The numerical results of sloshing pressure at the right bottom corner of the tank are 
presented in Figure 4.18. From this figure, it can be seen that the results converge 
when the total number of cells increases and the rectangular mesh with 
 gives an acceptable accuracy for the numerical model. This 
meshing will be used in the following sections unless other notes. 
/16 & / 20x L y LΔ = Δ =
The following numerical example is presented to demonstrate the effects of 
coupling between sloshing liquid and floating tank motions by using the FDM to solve 
Navier-Stokes equations and using MATLAB/Simulink to identify state-space models 
and perform the simulation in the time domain. Figure 4.19 shows the model 
implemented in Simulink. Wave forces and sloshing forces are taken as input and 
output is the response for each mode of motion. A Runge-Kutta method is chosen to 















 y = Cx+Du
MDOF State-Space Model
[M+A]-1










Figure 4.19 Block diagram of the model in Simulink 
The main parameters of the floating rectangular tank are given as: overall length 
L=2a=40m, breadth B=10m, height H=10m, design draft D=7m and fluid height in 
side the tank h=7m. In real scenarios, floating tanks are divided into many 
compartments so that the structures of tank become stiffer and the sloshing flow inside 
the tank tends to be less violent. The floating tank is divided into three compartments 
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in length: 15m, 10m, and 15m. In this case, the sloshing flows in the multi-
compartment tank and different fluid arrangement should be investigated. However, 
the main purpose of this study focuses on the interaction between sloshing flows and 
floating tank motions. To simplify the problem and to have a clearer view on this 
problem, the sloshing flow in the central compartment is considered and the other 
compartments are assumed to be empty (no sloshing flow). The tank is simulated in 
three degrees of freedom excited with long-crested waves and the sea state is described 
using a JONSWAP spectrum with peak wave period 8spT =  and significant wave 
height  (1msH = Figure 4.20). Wave elevation and wave loads are calculated using 
superposition of wave components by using Eq. (2.3). In this equation, force response 
amplitude and phase ( )nH ω  and ( )nδ ω  are evaluated from DIFFRACT using the 
same frequency interval as the hydrodynamic coefficients. The results of the wave 
elevation and wave loads are shown in Figure 4.21 and Figure 4.22, respectively. 
Mooring lines are used as sea-keeping station approach to keep the tank near 
equilibrium positions. 


















γ =3.3; Hw =1 m;  ωp=0.7854 [rad/s]
 
Figure 4.20 JONSWAP spectrum for an irregular wave 
To verify the combined model (with sloshing effects), two different scenarios are 
analyzed. The first case is the floating tank with freely sloshing fluid inside the 
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compartment. The second case is the same with the first case but baffles are placed 
inside the sloshing fluid and a cover is put exactly at the free surface of sloshing fluid. 
The purpose of these baffles and cover is to prevent sloshing flow of liquid inside the 
compartment. It is noted that the same draft is applied for all cases.  





















Figure 4.21 Time-domain realization of JONSWAP spectrum using random frequency 














Wave-induced force in Surge direction due to Irregular waves














Wave-induced force in Heave direction due to Irregular waves
















Wave-induced Moment in Pitch direction due to Irregular waves
 
Figure 4.22 Time history of wave forces acting on the floating tank  
The displacement history of the tank obtained from these cases is compared with 
those obtained from the hybrid model. The comparison is showed in the Figure 4.23. 
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The free-surface displacements of sloshing fluid at x a=  (right boundary) are 
described in Figure 4.24. It is obvious that the displacement histories obtained from the 
scenario with baffles and cover match remarkably well with those obtained from the 
tank model (no sloshing effects) as expected and no free-surface displacement is 
observed in this case. It can be seen that the sloshing effect enlarges significantly the 
displacement amplitudes of the tank in heave and pitch directions. 










Displacement in Surge direction due to Irregular waves










Displacement in Heave direction due to Irregular waves









Displacement in Pitch direction due to Irregular waves
 
 
Tank Model Coupled Model without Cover (Sloshing) Coupled Model with Cover (No Sloshing)  
Figure 4.23 Effect of sloshing fluid on the floating tank 












Coupled Model with Cover (No Sloshing) Coupled Model without Cover (Sloshing)
 
Figure 4.24 Free surface displacement of sloshing fluid at x a=  (right boundary)  
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4.3 Dynamic Analysis of Liquid-Filled Floating Rectangular Tank 
4.3.1 Parametric studies for different wave frequencies 
In the following section, the verified coupled model is used to study effect of different 
wave heights on the coupled sloshing-floating tank motion problem so that resonant 
frequency areas can be determined for both dynamic responses of a floating storage 
tank and sloshing response of liquid inside the storage tank. The main parameters of 
the floating tank and mooring system are summarized in Table 4.2 and Table 4.3. The 
liquid height inside the tank is h=6m. In this investigation, the same values of these 
parameters are used for all cases except wave height varying from 0.01 to 2.0 rad/s. 
The simulation time of 200s is applied in the Simulink and the time step is 
automatically adjusted to satisfy numerical stability conditions for the sloshing model. 
Table 4.2 Floating tank’s main parameters 
Parameter Unit Value 
Mass ton 1300 
Overall length m 40 
Breadth m 10 
Design draught m 7 
Water depth m 380 
 
Table 4.3 Particulars of the mooring lines (8 cables) 





Modulus of elasticity 105 kN/m2 838.5 1126 979.7
Unstretched length m 954 342 72
Diameter  m 0.137 0.121 0.114
Cable density kg/m 1178 1265 1178
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Figure 4.25 Motion RAO in three DOF of floating tank  
The motion RAO in three degrees of freedom of the floating tank is showed in 
Figure 4.25. In this figure the results are compared to motion RAO without sloshing 
effect. When sloshing effect is considered, the resonant response amplitudes become 
larger and the resonant frequencies are shifted to the left hand side for surge and heave 
motions. Moreover, one more resonant frequency with smaller response amplitude is 
found near to the resonant frequency of the pitch motion. It means that with sloshing 
effect, there are two resonant areas for surge and heave motions, one near to the natural 
frequency without sloshing effect and the other near to natural frequency of the pitch 
motion. For the pitch motion, motion RAO chart becomes boarder at frequencies near 
to the resonant frequency and the resonant response amplitude is also smaller. This 
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trend of results was also observed in Kim et al (2007) and Bunnik and Veldman 
(2010). Based on this good effect, ART can be designed to minimize sloshing effect on 
rotational motions when excitation frequencies are near to natural frequency of motion. 
It is also noted that sloshing increases the pitching amplitude at some other wave 
frequencies next to the resonant area. 










Figure 4.26 Effect of wave frequencies on maximum sloshing elevation of fluid  














ω=0.7 rad/s ω=1.8 rad/s
 
Figure 4.27 Time history of sloshing free surface at x a=  (right boundary)  
Figure 4.26 shows the effect of wave frequencies on the maximum sloshing 
elevation of liquid. It can be seen that there are four values of sloshing resonant 
frequencies 0.28,  0.7,  0.9 and 1.8ω =  rad/s which are near to resonant frequencies of 
tank motions (0.28, 0.7 and 0.9 rad/s) and the natural frequency of sloshing fluid (1.8 
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rad/s for h=6m). It means that sloshing fluid also becomes violent when wave 
frequency is near to motion resonant frequencies because of large motion amplitudes. 
The time histories of sloshing elevation of the fluid are presented in Figure 4.27 for  
0.7 and 1.8ω =  rad/s. 
4.3.2 Parametric studies for different liquid-filled levels 
In this section, the coupling effects between the floating tank motions and liquid 
sloshing with various liquid-filling ratios are investigated. The design draft remains 
unchanged for all cases which is convenient for comparing the numerical results. The 
liquid-filling ratio varies from 10% to 90% of the tank height and the natural 
frequencies of sloshing fluid are computed using Eq. (4.3) (Faltinsen, 1978) and 
summarized in the Table 4.4. Two regular wave frequencies are considered: 0.5ω =  
rad/s (out of the resonant range of liquid sloshing) and 1.7ω =  rad/s (in the resonant 
range of liquid sloshing) respectively. 
Table 4.4 Natural frequencies of sloshing liquid with different filling ratios 
Height of liquid  
h (m) 1 2 3 4 5 6 7 8 9 
Natural frequency  
ω0 (rad/s) 0.968 1.310 1.506 1.619 1.681 1.716 1.734 1.744 1.749
 





π πω + +⎡ ⎤= ⎢⎣ ⎦h⎥  (4.3) 
The maximum sloshing elevation at x a=   are shown in Figure 4.28 and Figure 
4.29 for 0.5ω =  rad/s and 1.7ω =  rad/s, respectively. With 0.5ω =  rad/s, because of 
shallow sloshing effects, the maximum sloshing displacement is obtained at 0.1β =  
(h=1m). It means that when the height of sloshing fluid is shallow, the sloshing flow 
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tends to be more violent. With 1.7ω =  rad/s, the maximum sloshing displacement is 
obtained at the resonant frequency 0 1.681ω =  rad/s ( 0.5β = ) and due to the damping 
of the system, the resonant frequency is expected to be smaller than the exciting-wave 
frequency ( 1.7ω =  rad/s). It is also noted that although the small regular wave-height 
(Hw=1m) is applied, the large sloshing elevation is still achieved at the resonant 
frequency. It means that non-linear effects of sloshing flow must be included and 
analyzed for this coupled problem. The transient responses of sloshing fluid elevation 
are presented in detail in Figure 4.30 and Figure 4.31 for 0.5ω =  rad/s and 1.7ω =  
rad/s respectively. 









Figure 4.28 Maximum sloshing elevation at 0.5ω =  rad/s  












Figure 4.29 Maximum sloshing elevation at 1.7ω =  rad/s  
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Figure 4.30 Transient response of sloshing fluid elevation at 0.5ω =  rad/s  

















Figure 4.31 Transient response of sloshing fluid elevation at 1.7ω =  rad/s  












Maximum displacement in Surge direction











Maximum displacement in Heave direction









Maximum displacement in Pitch direction
 
Figure 4.32 Maximum global displacement of the tank with 0.5ω =  rad/s  
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Maximum displacement in Surge direction










Maximum displacement in Heave direction










Maximum displacement in Pitch direction
 
Figure 4.33 Maximum global displacement of the tank with 1.7ω =  rad/s  
The maximum global displacements of the floating tank are showed in Figure 4.32 
and Figure 4.33 for 0.5ω =  rad/s and 1.7ω =  rad/s, respectively. The maximum 
global displacements are non-dimensionalized with the maximum displacements 
obtained from the hybrid model (the case without sloshing effects). From Figure 4.32, 
the sloshing effects enlarge the global responses of the tank with 0.5ω =  rad/s, except 
for 0.9β =  in the pitch motion. With 1.7ω =  rad/s, the global responses of the tank 
are only increased at the resonant frequencies for surge and heave motions and at 
0.6β = , 0.7β = , 0.8β =  for pitch motion. It can be explained when we compare the 
phase relationship and the amplitude between wave-induced forces and sloshing-
induced forces presented from Figure 4.34 to Figure 4.36 for the case of 1.7ω =  rad/s. 
For example, while the surge motion of the tank is increased when the wave-induced 
force and the sloshing-induced force are in phase (h=4m), the surge motion of the tank 
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is decreased when the wave-induced force is out of phase with sloshing-induced force 
(Figure 4.34). The similar explanation can be applied with the pitch motion of the tank 
in Figure 4.36. In the heave motion, however, the global responses of the tank are only 
enlarged at the resonant frequencies because the global response is dominated by the 
sloshing-induced force. 














Wave-force Sloshing-force h=4m Sloshing-force h=9m
 
Figure 4.34 Wave and sloshing-induced force in surge direction with 1.7ω =  rad/s 



















Wave-force Sloshing-force h=5m Sloshing-force h=8m Sloshing-force h=9m
 
Figure 4.35 Wave and sloshing-induced force in heave direction with 1.7ω =  rad/s  
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Wave-force Sloshing-moment h=2m Sloshing-moment h=7m Sloshing-moment h=9m
 
Figure 4.36 Wave and sloshing-induced force in pitch direction with 1.7ω =  rad/s  
The mooring lines are used as a sea-keeping system to hold the floating tank in 
position and they produced the restoring forces of the model. The results of mooring 
forces are showed in Figure 4.37 for 0.4β =  and 0.9β = . It can be seen that the 
mooring force with 0.4β =  is larger than those with 0.9β = . It can be explained 
when we observe the Figure 4.33. The larger the displacement of the floating tank is, 
the larger the mooring forces can be obtained. 


















Mooring-force h=4m Mooring-force h=9m
 
Figure 4.37 Mooring forces in surge direction with 1.7ω =  rad/s  
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4.3.3 Parametric studies for different wave heights 
4.3.3.1 Under regular wave conditions 
In this section, the coupled model is used to study the coupling effects between the 
floating tank motions and liquid sloshing under regular wave conditions. The same 
parameters of the tank and the mooring system with previous examples are used. The 
sloshing liquid height h=6m and wave frequency 0.5ω =  rad/s are applied for all 
considered cases. Various wave heights from 1-4m are simulated in SIMULINK with 
simulation time of 200s.  












Maximum displacement in surge direction with ω =0.5 rad/s












Maximum displacement in heave direction at ω =0.5 rad/s












Maximum displacement in pitch direction at ω =0.5 rad/s
 
 
No Sloshing Effect With Sloshing Effect (h=6m)  
Figure 4.38 Effect of wave height on the tank’s dynamic response with 0.5ω =  rad/s  
The simulation results for the dynamic response of the tank are shown in Figure 
4.38 where Xnorm , Znorm  and normθ  are maximum displacements of the tank 
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without sloshing effect in surge, heave and pitch directions respectively under regular 
wave Hw=1m. These results are also compared with the results obtained for the tank 
without sloshing effect. From the figure, it can be seen that under wave frequency 
0.5ω =  rad/s, sloshing enlarges the dynamic response of the floating tank. This result 
is consistent with the results of motion RAO presented in Figure 4.25 for 0.5ω =  
rad/s. Moreover, it can be observed that the higher the wave height is the larger the 
tank displacement is and the maximum displacements of the tank are not proportional 
to wave amplitudes like in cases without sloshing effects anymore. It is due to 
nonlinear effects of sloshing fluid inside the floating tank which make the coupled 
sloshing-floating tank motion problem nonlinear. 











Figure 4.39 Effect of wave height on the sloshing elevation of fluid with 0.5ω =  rad/s  
The maximum sloshing elevations of the fluid with various wave heights are 
presented in Figure 4.39. From the figure, it is easy to find that the maximum sloshing 
displacement becomes more severe when the higher values of wave amplitude are 
applied. The nonlinear effect of sloshing fluid is also easily observed in this figure and 
the nonlinearity of sloshing become more obvious at the large wave amplitude. The 
maximum sloshing amplitudes are not proportional with the values of wave height. 
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Thus, under high sea conditions, the nonlinear effect of sloshing fluid can not be 
ignored and a suitable method should be applied to capture this nonlinear sloshing 
effect. Linear theories are no longer applicable in this situation. The transient 
responses of sloshing elevation at x a=  were also captured and presented in Figure 
4.40. The violent sloshing can be observed at 4mwH =  in this figure. 














Hw=1m Hw=2m Hw=3m Hw=4m
 
Figure 4.40 Transient response of sloshing fluid elevation at 0.5ω =  rad/s  
4.3.3.2  Under irregular wave conditions 
In the following section, the interaction effects between sloshing fluid and floating 
tank motion under irregular sea wave conditions will be considered. To investigate 
effect of significant wave heights on sloshing-floating tank motion problem, the same 
parameters with the previous example are used except significant wave heights which 
vary from 1-3m. The irregular waves are modelled by using JONSWAP spectrum with 
different significant wave heights. The JONSWAP spectrum with significant wave 
heights Hs=3m, spread factor 3.3γ =  and peak frequency 0 0.7854ϖ =  rad/s is 
showed in Figure 4.41. The irregular wave elevation and irregular wave forces can be 
estimated by using superstition of wave components from JONSWAP spectrum and 
the result are summarized in Figure 4.42 Simulation time t=1000s is used in Simulink. 
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gamma =3.3 Hs =3 [m],  w0=0.7854 [rad/s]
 
Figure 4.41 JONSWAP spectrum for irregular wave with Hs=3m 














] Time-domain wave realization of JONSWAP spectrum using random frequency











Wave-induced force in Surge direction due to Irregular waves











Wave-induced force in Heave direction due to Irregular waves

















Figure 4.42 Irregular wave elevation and irregular wave force with Hs=3m 
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Maximum displacement in surge direction with h=7m











Maximum displacement in heave direction with h=7m












Maximum displacement in pitch direction with h=7m
 
 
No Sloshing Effect With Sloshing Effect
 
Figure 4.43 Effect of significant wave heights on the floating tank’s dynamic response 
under irregular wave conditions (liquid height h=7m)  











Figure 4.44 Effect of significant wave heights on the sloshing elevation of fluid  
The maximum amplitudes of the tank’s dynamic responses and the maximum 
sloshing elevations are shown in Figure 4.43 and Figure 4.44 for different significant 
wave heights. Figure 4.43 show that under irregular wave conditions, the sloshing fluid 
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will enlarge the tank displacements in heave and pitch directions but it decrease tank 
response in surge direction. This conclusion is consistent with transient dynamic 
responses of the tank in Figure 4.23. The same comments with the previous section 
also can be seen in Figure 4.43 and Figure 4.44. The higher the significant wave 
heights are the bigger the tank displacements and sloshing elevations are. The tank 
dynamic responses and sloshing elevations are not proportional to significant height 
waves because of nonlinear sloshing effects of liquid inside the floating. The same 
finding was also presented in Mitra (2012). The time histories of tank displacements 
and sloshing elevations are detailed in Figure 4.45 and Figure 4.46, respectively. 







Displacement in surge direction with h=7 m







Displacement in heave direction with h=7 m














Figure 4.45 Transient dynamic responses of the tank under irregular wave conditions  
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Figure 4.46 Transient response of sloshing fluid elevation under irregular wave 
conditions with different significant height waves  
4.4 Concluding Remarks 
In this chapter, the fully coupled sloshing-floating tank motion problem was 
investigated in detail. At first, some examples were studied to verify the coupled 
sloshing-floating tank model. Then, the verified model was applied to implement the 
parametric studies for different wave frequencies, wave heights for regular sea wave 
conditions, significant wave heights for irregular sea wave conditions and liquid filling 
ratios. Through these parametric studies, some findings about the coupling interaction 
between liquid sloshing and floating tank motion can be obtained. Firstly, under 
regular wave conditions, sloshing effect may enlarge dynamic responses of the floating 
tank at frequencies near to the resonant area for surge and heave motions and at 
frequencies out of resonant areas for pitch motion. At frequencies near to the pitching 
resonant area, sloshing effect may damp out dynamic response of the floating tank. 
This finding was also presented in the literature reviews and application of ART 
utilizes this good behavior to damp out dynamic responses of rotational motions for 
floating structures, especially rolling motion. Secondly, with the sloshing effects, the 
motion of the floating tank and liquid sloshing will have multi-resonant frequencies. 
Thirdly, liquid filling ratios affect dynamic response of both floating tank motion and 
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liquid sloshing because the natural frequency of sloshing depend on liquid filling 
ratios. Finally, under regular wave and irregular wave conditions, the higher the wave 
amplitudes are the larger the dynamic responses of the floating tank and sloshing 
liquid. With nonlinear sloshing effects, the floating tank displacement and sloshing 
elevation are not proportional to wave amplitudes. In the next chapter, effect of baffles 
on fully coupled sloshing-floating tank motion problem will be studied in detail to find 
out optimized solutions to mitigate the disadvantage of sloshing effect. 
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CHAPTER 5 EFFECT OF BAFFLES IN COUPLED 
SLOSHING-FLOATING TANK MOTION 
PROBLEM 
5.1 Introduction 
Sloshing of liquid in partially filled storage tanks under external accelerations as a 
result of transportation or earthquake can lead to additional forces that can cause 
structural failure of the tank as well as affect the stability of vehicles. Such kind of 
phenomenon is also important in sea conditions. For example, during the marine 
transportation of the liquefied natural gas (LNG), sloshing inside the LNG tank is one 
of the most important concerns in design. When the frequency of the liquid in the tank 
or the amplitude of the excitation is large, a violent oscillation may occur and large 
impact pressure on the tank can lead to the damages of structures. These unbeneficial 
effects of sloshing were also investigated and proved in Chapter 4 of this thesis for a 
floating oil storage tank. At the resonant frequency of pitching, sloshing effect may 
reduce dynamic responses of the floating tank, but at most of the rest wave 
frequencies, sloshing may enlarge the tank displacements. Therefore, suppression of 
sloshing effects is a major concern of sloshing investigation. Various types of slosh-
suppression devices can be employed to mitigate the liquid motion and prevent the 
instability of vehicles and the violent free surface fluctuation. One of them is installing 
baffles inside the liquid tanks (Ibrahim, 2005). These baffles (Figure 5.1) not only 
suppress the sloshing effect but also make tank walls stiffer.  




Figure 5.1 Application of baffles to mitigate liquid sloshing effect 
Effect of using baffles as a sloshing mitigation devices on liquid sloshing in a 
storage tank has been well studied by numerous researchers, such as Choun and Yun 
(1996, 1999), Isaacson and Premasiri (2001), Akyildiz and Unal (2005), Cho and Lee 
(2005), Akyildiz and Unal (2006) as well as Liu and Lin (2009) and it is proved that 
baffles are effective devices to mitigate sloshing of liquid in a storage tank. However, 
in these studies, only land-based storage tanks, fixed tanks or moving tanks with 
uncoupled sloshing-tank motions are investigated and the coupling effect between 
sloshing fluid and tank motions was ignored. Very few researches have conducted on 
the fully coupled interaction between the sloshing phenomenon inside the storage tank 
with baffles and associated tank motions. Moreover, only one DOF of external 
excitation is considered. In situation of sloshing effect in floaters containing a large 
volume of liquid, such as FPSO and FOST, these studies may not be applicable 
because interaction effect between sloshing and tank motions can be significant and 
the floaters always experience multi-degree of freedom excitations under real sea 
conditions.  
In this chapter, effect of baffles on coupled interaction between the liquid sloshing, 
floating tank motions with baffles is analyzed by extending the numerical model 
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employed in Chapter 4. Rigid baffles are modeled by using internal-obstacle boundary 
conditions. The mooring system is also integrated as a sea-keeping solution. In order to 
show the effect of baffles, some results of the coupled dynamic system such as the 
dynamic response of the floating tank and sloshing elevation of liquid inside the 
storage tank will be presented and compared with corresponding results of the cases 






















Figure 5.2 Application of baffles in a floating tank 
5.2 Effect of Baffles in Coupled Sloshing-Floating Tank Motion Problem 
In this section, the fully coupled interaction between the liquid sloshing-baffle-tank 
motions is investigated. The effect of the baffle size, type of baffle and location of 
baffle on the interaction between sloshing fluid and floating tank is considered. The 
tank and mooring line parameters are the same as those used in Chapter 4 (Table 4.2 
and Table 4.3). The obtained numerical results are presented and discussed in the 
following sections. 
5.2.1 Effect of baffle dimension 
The effect of the baffle size on the coupled system is studied in this example. The 
regular wave with frequency 2.0ω =  rad/s and wave height / 0.1wH H =  as well as 
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the liquid filling ratio 0.6β =  is used for the simulation. The vertical baffle is 
employed in this example. The baffle height ratios /bH H  varying from 0.1 to 0.5 are 
simulated and the numerical results are compared with the case without presence of 
baffles.  























Figure 5.3 Effect of baffle size on dynamic responses of floating tank 
The effect of baffle heights on maximum displacements of the floating tank with 
three degree of freedom is presented in Figure 5.3 where max0ξ  is the maximum 
displacement of the tank without baffle effect. From the figure, it is obvious that when 
the height of the baffle increases, the effect of baffle on the dynamic responses of the 
tank become more significant. In this example, it can be found that the effect of the 
baffle on surge motion is larger than heave and pitch motions. Moreover, the numerical 
results from the figure also show that the effect of the baffle can reduce displacement 
of the floating tank. It can be clearly explained when the relationship between sloshing 
forces and wave force is analyzed. For example, with the pitch motion in case of 
/ 0.4bH H = , the history of the sloshing-induced and wave-induced forces in 
simulation time of 200s are presented in Figure 5.4. From the figure, it can be seen that 
the sloshing-induced force is totally out of phase with the wave-induced force. Thus, 
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the effect of the baffle can help to reduce dynamic response of the floating tank 
significantly. In addition, it is also noted that contribution of sloshing effect in the case 
of  / 0.4bH H =  is larger than that in the case of / 0bH H =  (without baffle effect). 




















Wave-moment Sloshing-moment Hb/H=0 Sloshing-moment Hb/H=0.4
 
Figure 5.4 Transient sloshing and wave forces acting on the floating tank 
















Figure 5.5 Effect of baffle height on the sloshing elevation of fluid 
The effect of baffle height on the sloshing elevation under regular wave 2.0ω =  
rad/s is shown in Figure 5.5 where max 0η  is the maximum sloshing displacement of 
liquid inside the tank without baffle effect. It can be seen from the figure that the 
vertical baffle is helpful in decreasing sloshing effect of liquid although coupled 
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interaction between sloshing fluid and tank motion is considered in this example. 
When / 0.5bH H =  is used, the effect of baffle almost damp out the sloshing 
displacement of fluid free surface. Figure 5.6 shows the snapshot of sloshing elevation 
at the simulation time 9.2st =  for the cases of / 0.0,  0.3,  0.5bH H =  respectively. It 
can be observed that the free surface displacement of the sloshing fluid is very small 
for the case of / 0.5bH H = . The time history of sloshing elevation of liquid at the 
right wall boundary is showed in Figure 5.7 for / 0,  0.2,  and 0.4bH H = . From the 




Figure 5.6 Snapshot of sloshing elevations at time t= 9.2(s) for / 0.0,  0.3,  0.5Hb H =  














Figure 5.7 Time history of the sloshing elevation at the right wall boundary x a=  
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5.2.2  Effect of baffle under different wave frequencies 
In the following section, the effect of baffles under different wave frequencies is 
investigated. The simulation parameters are the same as those used in Section 5.2.1. 
Vertical baffles with different ratios / 0.1 0.5bH H = −  are simulated under various 
wave frequencies 0.5,  1.0, 1.5, and 2.0ω =  rad/s. The liquid filling ratio 0.6β =  and 
wave height / 0.1wH H =  are constant in the simulation. 
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Maximum displacement in heave direction












Maximum displacement in pitch direction
 
 




Figure 5.8 Effect of baffle on the tank response with different wave frequencies 
The effect of baffles on the global response of the floating tank under various 
excitation frequencies 0.5,  1.0,  1.5,  and 2.0 rad/sω =  is summarized and presented in 
Figure 5.8. In this figure, the maximum displacements of the floating tank with 
different baffle heights are non-dimensionalized with the maximum displacements of 
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each degree of freedom in case of no baffle effect. The figure shows that under 
different wave frequencies, effect of baffles on the tank global response may be 
different. For example, at 0.5 and 1.0ω =  rad/s effect of baffles is small, but this effect 
becomes significant at 1.5 and 2.0ω =  rad/s (resonant frequency area of sloshing 
fluid). In addition, it can be observed that baffles can enlarge or decrease the global 
response of the floating tank. It depends on the excitation frequencies. For example, at 
1.5ω =  rad/s the vertical baffle can reduce tank responses in pitch and heave 
directions but it enlarges surge displacement. To have a clearer picture on this effect, 
the relationship between sloshing forces and wave forces is investigated and presented 
in Figure 5.9. This figure shows the wave induced force and sloshing-induced forces in 
case without baffle effect as well as in case with baffle effect ( / 0.4bH H = ) in the 
surge direction. It can be seen from the figure that without presence of baffle, the 
sloshing force is almost out of phase with the wave force, but with presence of baffle, 
the phase of sloshing force is shifted and it is nearer to the phase of the wave force. 
With this phase shifting, the sloshing force may increase the global response of the 
tank as observed under the wave frequency 1.5ω =  rad/s (surge motion in Figure 5.8). 
















Wave-force Sloshing-force Hb/H=0 Sloshing-force Hb/H=0.4
 
Figure 5.9 Time history of wave and sloshing-induced forces in surge direction. 
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fn=0.5 rad/s fn=1.0 rad/s fn=1.5 rad/s fn=2.0 rad/s
 
Figure 5.10 Effect of baffle on sloshing elevation under different wave frequencies. 











Figure 5.11 Time history of the sloshing elevation at x a=  with 1.5ω =  rad/s. 














Figure 5.12 Time history of the sloshing elevation at x a=  with 2.0ω =  rad/s. 
The maximum sloshing elevations at x a=  are shown in Figure 5.10 with different 
excitation frequencies 0.5,  1.0,  1.5,  and 2.0ω =  rad/s. Similar to those with the global 
response of the tank, the effect of baffle on sloshing elevation of liquid at 0.5ω =  and 
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1.0  rad/s can be negligible, and it becomes significant at 1.5ω =  and 2.0  rad/s. While 
the baffle increases sloshing elevation at excitation frequency 1.5ω =  rad/s, it damps 
out sloshing elevation at 2.0ω =  rad/s. The transient response of sloshing 
displacements at the right wall boundary under wave frequencies 1.5ω =  rad/s and 
2.0ω =  rad/s are presented in Figure 5.11 and Figure 5.12, respectively. In these 
figure, the time history of sloshing elevation of liquid in the un-baffled tank 
( / 0bH H = ) is compared with that in the baffled tank ( / 0.4bH H = ). It can be seen 
that the baffle enlarges the sloshing displacement at 1.5ω =  rad/s, but damps out the 
sloshing elevation at 2.0ω =  rad/s. It also can be observed in Figure 5.10 for the case 
of / 0.4bH H = . 
5.2.3 Effect of baffle type 
Effect of different types of baffle on sloshing and motion response of sloshing-floating 
tank motion problem is simulated in this section. Two types of baffles, vertical and 
horizontal baffles, will be employed in this example. Firstly, two types of baffle are 
studied separately and then combination of them is considered so that the effective 
solution can be achieved. The same parameters as used in previous section will be 
applied for this example and the wave frequency 2.0ω =  rad/s is used for the 
numerical simulation. 
The ratios of / 0.1-0.5bH H =  are studied and the numerical results are compared 
with the results without baffle effect. The effect of different types of baffle on the 
sloshing elevation of the fluid is shown in Figure 5.13. From this figure, one can see 
that combination of vertical and horizontal baffles is the most effective solution to 
mitigate sloshing effect especially at the small values of /bH H . With the same height 
( bH ), effect of vertical baffles is larger than that of horizontal baffle. It is also noted 
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that the higher baffles are, the more significant the effect of baffles on sloshing 
elevation is for all cases of baffle application. The time histories of sloshing elevation 
with baffle and without baffle ( / 0.5bH H = ) are presented in Figure 5.14. 












Vertical baffles Horizontal baffles Vertical+Horizontal baffles
 
Figure 5.13 Effect of baffle type on the sloshing elevation of fluid with 2.0ω =  rad/s. 


















No baffle Vertical baffle (Hb/H=0.5) Horizontal baffle (Hb/H=0.5) Vertical+Horizontal baffle (Hb/H=0.5)
 
Figure 5.14 Time history of the sloshing elevation at x a=  with 2.0ω =  rad/s. 
The effect of vertical and horizontal baffles and combination of them on the global 
response of the floating tank are showed in Figure 5.15. The figure shows that the 
baffles reduce global response of the floating tank in all cases. In surge and pitch 
directions, combination of vertical and horizontal baffles is the best solution to reduce 
global response of the tank. In heave direction, horizontal baffles are more effective 
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with small /bH H  ratios and vertical baffles are more effective with larger /bH H  
ratio. 













Maximum displacement in Surge direction














Maximum displacement in Heave direction













Maximum displacement in Pitch direction
 
 
Vertical baffles Horizontal baffles Vertical+Horizontal baffles
 
Figure 5.15 Effect of baffle type on dynamic responses of floating tank 2.0ω =  rad/s. 
5.2.4 Effect of baffle location 
In this section, effect of baffle location on the coupled sloshing-floating tank problem 
will be studied. The same simulation used in the previous section is applied in this 
example. The liquid filling ratio 0.6β = , excitation frequency 2.0ω =  rad/s and 
vertical baffle height / 0.3bH H =  are simulated. The location of the vertical baffle is 
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defined by bX , the dimension from the left wall boundary to the location of the baffle 





















Figure 5.16 Problem definition for effect of baffle location 
Different values of / 2bX a  varying from 0.2 to 0.8 are modeled and the obtained 
numerical results are compared with the results from the case without baffles. The 
effect of baffle location on the sloshing elevation is presented in Figure 5.17. With any 
location of the vertical baffle, the sloshing elevation is reduced with the presence of the 
baffle and the optimized location of the baffle for sloshing elevation is / 2 0.4bX a = . 
The time histories of sloshing force acting on the floating tank for  / 2 0.5bX a =  are 
summarized in Figure 5.18 and the transient histories of the sloshing fluid elevation at 
the right boundary of tank wall x a=  are shown in Figure 5.19 

















Figure 5.17 Effect of baffle location on the sloshing elevation of fluid with wave 
frequency 2.0ω =  rad/s. 
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Figure 5.18 Time history of the sloshing forces with / 2 0.5Xb a = . 














Figure 5.19 Time history of the sloshing elevation at x a=  with 2.0ω =  rad/s. 
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5.3 Concluding Remarks 
The effect of baffles on sloshing-floating tank motion problem was studied in this 
chapter by extending the numerical model used in Chapter 4. The studies show that for 
both vertical and horizontal as well as combination of them, when dimension of baffles 
increase, the effect of baffles on dynamic responses of the coupled system become 
more significant. The baffles may increase or decrease the floating tank displacement 
and sloshing free surface displacements. It depends on the type of baffles which is 
applied, the frequency of excitations and the motion direction of the tank. Effect of 
baffles is small at lower frequencies and become more significant at higher 
frequencies. Among the application of different types of baffle, the combination 
between vertical and horizontal baffles is a good solution to reduce sloshing free 
surface displacements but with introduction of horizontal baffles, this application may 
increase the floating tank displacement in heave direction. Combination of vertical and 
horizontal baffles is especially effective with small values of /bH H  ratio compared to 
application of vertical baffles and horizontal baffles separately. If both dynamic 
response of the floating tank and sloshing free surface are considered, the application 
of vertical baffles is the optimal solution for the coupled system. When a vertical baffle 
is applied, the optimal location of the baffles is at the center of the floating tanks. 
Shifting the vertical baffle away from the center of the tank may introduce additional 
overturning moment of the system. In the next chapter, some conclusions of the thesis 
and recommendation for future works will be addressed in detail. 
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CHAPTER 6 CONCLUSIONS AND FUTURE WORKS 
6.1 Summary of Key Points 
The main objective of this thesis is to investigate the dynamic analysis of fully coupled 
interaction between floating tank motion and sloshing liquid inside the tank. The 
proposed method is based on a hybrid frequency-time domain simulation scheme. In 
this scheme, a time domain model based on frequency domain data was built upon the 
Cummins equation to study the corresponding simulations of tank motions. State-space 
models were proposed as approximate representations of the convolutions in this 
equation. The finite difference method (FDM) was used to solve Navier-Stokes 
equations to simulate the nonlinear fluid sloshing in time-domain and the volume of 
fluid method (VOF) was used to track the non-linear free surface. This thesis also 
investigated the effect of baffles on the coupled sloshing-floating tank motion problem. 
To perform this aforementioned investigation, the mathematical equations of the 
floating tank model and the sloshing model were first formulated in Chapter 2. The 
numerical methods including FDM and VOF for the sloshing model as well as state-
space representations and identification methods for the tank model were discussed in 
Chapter 3 and the algorithm of the coupled model was also presented in this chapter. 
Chapter 4 investigated the coupled dynamic analysis of sloshing-floating tank system. 
Chapter 6 considered the effect of baffles on this coupled system. 
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In this chapter, a summary of the results and their implications are presented. The 
chapter ends with some recommendations for future work. 
6.2 Conclusions 
The major contributions and important conclusions made in this thesis are: 
• The coupled numerical method based on Cumming equation and finite 
difference method was developed to analyze the dynamic response of 
coupled sloshing fluid, floating tank motion and sea-keeping system 
problem with and without presence of baffles. The VOF method was 
proposed to capture the free surface of sloshing fluid, thus the real sloshing 
elevation can be simulated. The state-space models were used to replace 
convolution terms in Cummin’s equation to improve computational time for 
the numerical model which had been proved in Taghipour (2008).  
 
• The coupled numerical model was verified and used to study the couples 
system with interaction among liquid sloshing, floating tank motion and 
mooring system. The study showed the effects of various influencing factors 
on dynamic responses of coupled system under regular and irregular sea 
wave conditions. These factors include the regular wave frequencies, the 
levels of liquid filling, height wave and significant height waves. The study 
found that all these factors have a significant effect on the coupled system. 
Furthermore, the study also showed that the sloshing effect of fluid inside 
floating structures, such as FPSO, FSRU and FOST, needs to be considered 
when the volume-of-liquid to volume-of-floater ratio is large. 
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• From the parametric studies with different wave frequencies, it can be found 
that sloshing effect may enlarge dynamic responses of the floating tank at 
frequencies near to the resonant area for surge and heave motions and at 
frequencies out of resonant areas for pitch motion whose maximum value 
can reach 150% as shown in Figure 4.21. However, at frequencies near to 
the pitching resonant area, sloshing effect may damp out dynamic response 
of the floating tank (up to 50%). This good behavior is utilized in 
application of ART to damp out dynamic responses of rotational motions for 
floating structures, especially in roll motion. In addition, with the sloshing 
effects, the motion of the floating tank and liquid sloshing will experience 
multi-resonant frequencies as shown in Figure 4.22, one is around resonant 
frequency of sloshing fluid and the others are around resonant frequencies of 
three DOF of the floating motion that need to be considered in analysis and 
design of the tank structures 
 
• The studies on different liquid filling levels show that liquid filling ratios are 
important to the dynamic response of the coupled system. It is because the 
dynamic response of the floating tank motion depends on phase relationship 
between wave forces and sloshing forces and natural frequencies of sloshing 
fluid depend on filling ratio of liquid inside the tank. The response of 
sloshing fluid is also dependent on sloshing natural frequencies as well.  
 
• Due to nonlinear sloshing effect, relationship between the dynamic response 
of the coupled system (tank displacement and sloshing elevation) and wave 
height amplitudes become non-linear for both regular and irregular wave 
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conditions. It means that the floating tank displacements and sloshing 
elevation are not proportional to wave amplitudes any more. Thus, 
application of linear frequency domain model for this coupled problem may 
be questionable. Moreover, this study also found that the higher the wave 
amplitudes are the larger the dynamic responses of the floating tank and 
sloshing liquid are. 
 
• The baffles affect the dynamic response of the coupled system more 
significantly if the dimension of baffle increases for all types of baffle 
application (vertical baffles, horizontal baffles, and combination of vertical 
and horizontal baffles). Effect of baffle is small at the lower wave 
frequencies and become more significant at the higher wave frequencies. 
The maximum value can reach to 20% as shown in Figure 5.8 for pitch 
motion 
 
• The combination between vertical and horizontal baffles is a good solution 
to reduce sloshing free surface displacements and global responses of the 
floating tank in surge and pitch directions. With / 0.5bH H =  the 
combination of vertical and horizontal baffles can reduce nearly 15% surge 
motion of the floating tank. In heave direction, horizontal baffles are more 
effective with small /bH H  ratios and vertical baffles become more 
effective with larger /bH H  ratios. If both dynamic response of the floating 
tank and sloshing free surface are considered, the combination of vertical 
and horizontal baffles is the optimal solution for the coupled system 
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• When a vertical baffle is applied, the optimal location of the baffle is at 
/ 2 0.4bX a = . Shifting the vertical baffle away from the center of the tank 
may increase the fluid sloshing elevation. 
6.3 Recommendations for Future Work 
Some important contributions of the present study were mentioned above. However, 
some unexplored problems still remain and need further studies. These problems 
include: 
• In the present study, 2-D numerical model with three degree of freedom was 
developed to simulate coupling effect between sloshing fluid-tank motion 
and mooring system. In the real situation, floating tanks may experience six 
degree of freedom under real sea conditions with different heading angle of 
sea waves. The study may indeed be extended to three dimensions, both 
within the models of sloshing fluid and floating tank. The 3-D model will 
find more general applications because of its applicability to tanks of any 
shape and configuration. The more realistic behaviour of the floating can be 
simulated with various heading angles of offshore waves. 
• The focus of this thesis was on the development of the numerical model to 
simulate coupling interaction between sloshing fluid and floating tank 
motions. The model can be developed to simulate sloshing effect on other 
kind of floaters, such as FPSO, FSRU or semi-submersible platforms by 
adding effect of wind, current and other disturbances in the RHS of 
Cummins equation. When the floaters operate at deep sea conditions, sea-
keeping systems by using mooring systems may be unavailable and 
ineffective. Dynamic positioning method by using thrusters or hybrid 
positioning method by using combination of mooring and thrusters may be 
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applicable. The forces from thrusters need to be considered and added to the 
model. 
• In the present model, the filling level of liquid inside the floating tank is 
assumed to be constant during simulation time. However, in the real 
scenario, the liquid level may slowly vary between empty to completely 
filled or other way around during a complex offloading operation. This time-
dependence of filling level may affect the interaction between sloshing fluid 
and floating tank motion and may need to be simulated. 
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